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Delay announcements informing customers about antiapseevice delays are prevalent in service-oriented systems
How delay announcements can influence customers in serystenss is a complex problem which depends on both
the dynamics of the underlying queueing system and on themess’ strategic behavior. We examine this problem of
information communication by considering a model in whicihathe firm and the customers act strategically: the firm in
choosing its delay announcement while anticipating custaesponse, and the customers in interpreting these aoc&oun
ments and in making the decision about when to join the systethwhen to balk. We characterize the equilibrium
language that emerges between the service provider andisteneers. The analysis of the emerging equilibria provides
new and interesting insights into customer-firm informatharing. We show that even though the information provided
to customers is non-verifiable, it improves the profits offthe and the expected utility of the customers. The robustnes
of the results is illustrated via various extensions of theelel. In particular, studying models with incomplete imf@tion

on the system parameters allows us also to highlight theofafgormation provision in managing customer expectagion
regarding the congestion in the system. Further, the irdiéion could be as simple as “High Congestion”/“Low Conges-
tion” announcements, or could be as detailed as the trueaittiie system. We also show that firms may choose to shade

some of the truth by usinigtentional vaguened® lure customers.*

*We are thankful for comments by the participants of the eosifice on customer-oriented operations models at the @BmBss
School. Also, we are grateful to David Austen-Smith, Sapd@aliga, Martin Lariviere, Jim Dana, Peter Eso, Gabriel Mfgiub,
Robert Swinney, Ramandeep Randhawa, Gerard Cachon, Reinertsky, Moshe Haviv, Avi Mandelbaum, Noah Gans, Zeynep

Aksin, Fikri Karaesmen, and Jan Van Mieghem for long disicusson the paper.
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1. Introduction

Delay announcements that inform customers about antexddelays are prevalentin service systems. Call
centers often use recorded announcements to inform cafléne congestion in the system and encourage
them to wait for an available agent. While some of these ance®ments do not provide much information -
such as the common message, “Due to high volume of calls,everable to answer your callimmediately,”
some call centers go as far as providing the customer wittrsimate of his waiting time or his place in
the queue. In many service systems where the real state afyfitem is not visible to customers, delay
announcements affect customers’ behavior and may, inttiakrg significantimpact on system performance.
Consequently, the service provider can use the delay ameowsnts as a tool to induce the appropriate
customers’ behavior, stirring the system so as to maxinmezewn profits. How to use delay announcements
to manage the service system in an efficient manner is a camppdblem, and its answer depends on both
the dynamics of the underlying queueing system and the eestbehavior.

Previous papers addressing this issue analyzed two ca&sgdrinformation provided to the customer:
(i) full state information - either exact waiting time infoation (if such information is available to the
service provider) or the state of the system when the custamiges (or an estimate based on the state),
and (ii) no information - where no information is provideshdacustomers must base their decisions on
their expectation regarding the system performance. Thie aesumption made in these papers is that
customers treat the information provided in the delay annements as a-priori verified (i.e., credible),
and make their decisions whether to join or leave the syséeegrdingly. The two main issues with this
assumption are: (i) Customers may not be naive in theirudtittowards any information provided by
interested parties, and thus take such announcements Ygithia of salt.” Moreover, under the assumption
of “naivety,” it makes sense for the firm to deviate from thathrtelling policy. The option that the firm
might lie, given that the customer always believes the fismdver explored in the literature. (ii) Further,
prior work implicitly assumes that the announcements hageantifiable meaning in terms of place-in-
gueue or average waiting time. However, as stated abovey s@mice providers use verbal messages

that need to be further processed in order for customers ke e decision whether to join or not. For
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example, without processing, it is not clear what “high vo&uof calls” means. This problem is clearly a
consequence of the firstissue, since without processimggoantifiable announcements are possible. Thus
the customers are able to evaluate their utility only forgan(i.e., no-information or full-state-information)
announcement and only those are discussed. In practiceevieowwe observe a much richer variety of
announcements used by service providers.

This paper addresses these issues by proposing a modeldh aidstomers treat information provided
by the service provider as unverified and non-binding (thabin-contractable). The model treats customers
as strategic in the way they process information (as weh asaking the decisions whether to join or balk)
and the service provider as strategic in the way she protdeisformation. The customers and the service
provider are assumed to be self-interested in making tlegistbns: the service provider in choosing which
announcements to make, and the customers in interpre@sg #ind making their decisions.

This allows us to characterize the equilibrium language é¢naerges between the service provider and
her customers. (We use the term equilibrium language, iordance with the usage in the cheap talk
literature, to refer to the equilibrium emerging in the ghéalk game. The phrase “language” is used to
emphasize the signaling rule and its associated actiogsdpBig that, not only do we relax the assumption
that customers may be naive in their treatment of the anrevuants, but we also demonstrate that many
of the commonly used announcements arisedquilibriumin such a model. The spectrum of possible
equilibria will range from announcements that are analsgimuthe non-quantifiable type that describe
the volume of arriving customers as high or low, to the morangifiable ones that provide waiting time
announcements, both of which are common in different systéfthile prior work focused on systems
with either full state information or no information, our ohel shows that a richer language, which usually
includes intentional vagueness, arises as an equilibriutbome in a game played between the service
provider and her customers. By intentional vagueness wea theaunder any equilibrium the firm provides
the same announcement on multiple states of the systemvéiogéng the model and characterizing the
emerging equilibrium language, we will account both for steategic nature of the interested parties —

customers and service provider — as well as for the queusgingndics prevalent to service systems.
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This paper proposes what appears to be the first model to dbahe strategic nature of the information
transmission in a practical operational setting, whereetifiable', non-committal, real-time information is
provided by a self-interested firm to selfish customers.

We treat the announcements made by the system manager ap talig” i.e., pre-play communication
that carries no cost. Cheap talk consists of costlesm-binding, non-verifiable messages that may affect
the customer’s beliefs. While providing the informatioredmotirectly affect the payoffs, it has an indirect
implication through the customer’s reaction and the eluilim outcomes. The information has no impact
on the payoffs of the different players per se i.e., the payof both sides depend only on the actions
taken by the customers and queueing dynamics. This, inmueans that if a customer does not follow the
recommendation made by the firm, he is not penalized, norisarded when he follows it. However, as
it will be shown, the announcements do have an impact on tiveserovider’s profits and the customers’
utility, in equilibrium. This is in agreement with both théeap talk literature (See Crawford and Sobel
(1982)) and the queueing literature with strategic custsni8ee Naor (1969)), where the information
provided to the customer is in the form of full visibility dié¢ queue and does not alter the customer’s utility
directly; it allows him to make a knowledgeable decision thlee to join or not, and thus affects his utility
in an indirect manner. Our model echoes the framework dpeeldoy Crawford and Sobel (1982) but the
specifics of our model are different from theirs in significaspects. We examine these differences more
closely in Section 1.2.

This paper focuses on thatrategicinteraction between the customer and the firm in a settinghichv
their incentives arenisaligned whenunverifiable, costless, and non-bindimjormation is provided to the
customer. In all of the instances described in this paperirtformation is always unverifiable and has no
contractual bearing (i.e., it is non-binding). This stamdsontrast to service-levglaranteessuch as those

made by Dominos Pizza, Ameritrade, anetfade to name a few, where the commitment is contractually

LIn our context we use the term unverifiable to describe siinatin which the customer cannot verify statements reggrtie
state of the system.

2\We assume that the cost associated with conveying the neeisaggligible. In most practical service organizationkijlevthe
provider needs to incur fixed costs, for example, by invesitina more sophisticated IT infrastructure to identify thete of the
system, the marginal cost of providing the information te tustomer is insignificant. There is a voluminous literatinat deals
with models in which signaling is not costless, and the macethat players are willing to incur a cost provides a signal
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binding; see Allon and Federgruen (2007) for a more detallecussion of the delay guarantees provided
by these firms.

Our main findings are as follows:

(i) We characterize the equilibrium of the game played bysbevice provider and the customers. The
characterization depends both on the queueing dynamisgdban a Markov Decision Process), and the
strategic nature of the players. We show that, while theasttarization is complex, under pure strategies, an
equilibrium can be mapped into a single threshold level. fiine provides two signals to indicate whether
the level of congestion is below or above the threshold. Ttstormer makes his decision according to the
expected congestion level implied by each signal.

(i) We show that different types of misalignment may lea@xstence or non-existence of pure-strategy
equilibria. Further, we characterize a two-signal eqtiiliim when it exists, and show that any equilibrium
with more than two signals is outcome-equivalent to the &mpwvo-signal one. Our results imply that
some commonly used non-quantifiable announcements regdid congestion level in the system can be
reduced to a two-signal equilibrium.

(i) We show that, even if customers are allowed to randentiztween multiple actions (i.e., join or
balk), any equilibrium with more than two signals will be come-equivalent to the two-signal equilibrium.
Furthermore, under any equilibrium where the customeraanizes, it is not possible for the firm to have a
signaling rule that includes both a signal that induces tigtamers to balk with probability 1 and a signal
that induces the customers to join with probability 1.

(iv) We prove that there always existsrst informative equilibriumi.e., an equilibrium with the finest
partition of the state space revealed to the customer byethvéce provider. The firm employistentional
vagueness this equilibrium, unless the customers and the firm aréepdy aligned. By perfect alignment,
we mean that the self-interested customers agree with tifé praximizing firm on the preferred action
for every state of the system. The role of intentional va@seris to lure customers to join the system in
states in which, under full state information, the customeuld not join, yet the congestion in the system

is not too high. The informative equilibria, either with oitkout intentional vagueness, are shown to be
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equivalent to the common practices of announcing the londti the queue, an estimate of the average
waiting time, or a confidence interval of the expected wgitime.

(v) We show that a babbling equilibrium where the customerregjards any information provided by the
firm (or the firm does not provide any information) always &xi®ither in pure or mixed strategies. We
then show that the service provider and the customers alpraysr other, more informative, equilibria over
a babbling equilibrium.

(vi) We also test the robustness of the above results by derisg models in which we relax the informa-
tion structure and those in which customers adaptively tgptieir beliefs about the meaning of messages
adaptively. We find that most of the findings continue to hoithwappropriate modifications.

Organization of the remainder of the paperhe rest of this section is divided into two parts: the first
reviews the antecedent literature and the second brieflgritbes the Crawford and Sobel (1982) game.
Section 2 provides the detailed description of our mode§duation 3, we define our notion of equilibrium
and state our main results. In Section 4 we discuss the @ignahguage that emerges in equilibrium and,
in particular, introduce and analyze the notion of mostrimative equilibria. Section 5 concludes the paper.
All the proofs are relegated to the online supplement. Esitars of the model, as well as a numerical study

are also discussed in the online supplement.

1.1. Literature Review

Queueing models with strategic customersThe literature on queueing models with strategic customers
dates back to Naor (1969), who studied a system in whichegfiatustomers observe the length of the
gueue prior to making the decision whether to join or ballerEtis a (partial) conflict of interest between the
self-interested customer and the interests of the so@#hve-maximizing service provider. Naor (1969)
shows that pricing can be used to achieve the first-bestisonluthe follow-up literature extends Naor
(1969) along multiple dimensions. One such stream studaei where the firm offers different grades
of services (see the recent paper by Afeche (2004) and teeerefed therein). Another stream focuses on
competition in the presence of congestion-sensitive custs (see Allon and Federgruen (2007) and the

references therein). All of the above papers assume thdirthe provide long-run averages information,
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rather than real-time information, and that the informati® credible, and is treated as such by the cus-
tomers. The above models assume that customers are ratibaalmaking the decision of which line to
choose or when to join versus balk from a queue. For morelddtdiscussion we refer the reader to Hassin
and Haviv (2003) and the references therein.

Queueing models with delay announcementddassin (1986) studies the problem of a price-setting
revenue-maximizing service provider that has the optioret@al the queue length to arriving customers,
but may choose not to disclose this information. The authows that it may be socially optimal to force
the firm to provide full state information. Armony and Maglar(2004b) analyzes a service system where
arriving customers can decide whether to join, balk, or vi@itthe provider to call within a guaranteed
time. The customers’ decisions are based on the equilibwaiting time. Armony and Maglaras (2004a)
extends the above model to allow the service manager togediie customers an estimate of the delay,
based on the real-time state of the system upon their ariie authors show that providing information
on the estimated delay improves the system performanceoryrat al. (2007) studies the impact of delay
announcements on the performance of a many-server queluewgitomer abandonment.

Dobson and Pinker (2006) develops a stochastic model oftaroysroduction environment with pricing,
where customers are heterogeneous in terms of their talesdior waiting. The authors model interme-
diate levels of information sharing (with a specific struejuranging from no-sharing to complete state-
dependent lead-time information, and compare the regufierformance from the firms and customers
perspectives. Guo and Zipkin (2007) studies a model in whithomers are provided with information and
make decisions based on their expected waiting times, tondi on the provided information. Three types
of information are studied: (i) no information, (ii) queuenpth information, and (iii) exact waiting time
information (in systems in which such information is aviai&. The authors provide examples in which
accurate delay information improves the system performaas well as examples in which it does not.
Jouini et al. (2007) is the first paper to consider delay annements in a multi-class setting with priorities.
All of these models assume that the information providedhéodustomer is truthful and that the customer

believes the information, even if he will be better off, imntes of his own utility, disregarding it.
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1.2. Classical Cheap Talk Game

In this section, we provide an overview of the cheap talk gamtreduced in Crawford and Sobel (1982)
and compare the model to the one studied in this paper. Thsictd cheap talk game is played between a
sendemwho has some private information andezeiverwho takes the payoffs-relevant actions. The game
proceeds as follows: The Sender observes his state/typeh wk shall denote bg). The Sender then sends
a signal (or a message) denotedshye M, where M denotes the set of all signals. The Receiver, who
cannot observe the state/ty@e but does know its distribution, processes the signal uBenges rule and
chooses an actiopwhich determines the players payoff. Both the Sender an&éweiver obtain utilities
which depend on: (a) the action taken by the Receiyeand (b) the state/typ@. Two distinctive features

of their model should be emphasized: first, the state/tyjppdewandom, is static: once realized it does not
change over time. Also, the distribution of this state/tigoexogenous and independent of the actions of the
players.

A variety of papers study mixed-motive economic interawidnvolving private information and the
impact of cheap talk on the outcomes. In political contexdaghtalk has been studied in multiple papers
including Austen-Smith (1990). Recently, Chen et al. (9398dies questions regarding equilibrium selec-
tion in cheap talk games.

Driven by the applications in service operations, our mbasltwo key features: first, the game is played
with multiple receivers (customers) whose actions haveraglities on other receivers; and second, the
stochasticity of the state/type (i.e., the state of theesy$tis not exogenously given but is determined
endogenously. Indeed, the private information in this nh¢ide, the queue length) is driven by the system
dynamics, which in turn depend on the equilibrium strategieboth the firm and the customers. In par-
ticular, in our model, the customers’ actions are both paggévant and system-dynamic-relevant. As we
will show, the multiplicity of receivers with externaliseas well as the endogenization of the uncertainty
impact both the nature of the communication between the firdtlae customers as well as the outcome for
the various players. Hence, while the framework used inghfger partially echoes the classical cheap-talk
model, the above mentioned distinguishing features leambta@eptually different results. The way these

features separate our results from those of Crawford andl$b®82) will be discussed in Section EC.1.
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2. Model

We consider a service provider modeled as an M/M/1 queugo@gss arrive to the system according to
a Poisson process with rake Service times are exponentially distributed with méan.® We assume that
A < . We assume that all customers are ex-ante symmetric: cassarbtain a valu® if they are served,
and incur a waiting cost that is proportional to the time spemhe system, with a unit waiting cost of*
Thus, the utility function of a customer is:

| R—cw if y="join”,
Uly,w) = { 0 if y="balk’, @)

wherey is the decision made by the customer amdenotes his sojoufrtime in the system. Throughout
the paper, we shall assume ttfat- ¢/ . This assumption ensures that in the absence of delaysithiees

is beneficial to the customer, on average. Clearli, # ¢/u, no customer will join regardless of the system
announcements. Throughout the paper we assume that it&otusiocking by the firm is prohibitively
expensive.

The firm’s profit from a customer served#s> 0. The firm incurs a holding cost(w) per customer
who waitsw in the system. This holding cost is incurred by the firm dueh® ¢ustomer waiting in the
system. This cost constitutes, among other factors, theass®ciated with loss of goodwill, the actual
cost of holding the customer and in some settings the oppitytaost associated with the customer not
being able to generate revenues. Disney’s theme parksx&mg@e, incur two costs due to waiting: the
opportunity cost of having a customer standing in line withithe ability to spend money and the wages
of the entertainment staff that is in charge of alleviatihg pain of waiting. Thus, the firm’s profit from a
customer iy — h(w) for a customer who received service from the firm and speimt the system and is
0 for the customer who decides not to join. Hekgs a non-negative and convex increasing function. We
assume that — Eh(X) > 0, whereX is an exponential random variable with melgiu to avoid cases in
which even customers that arrive without any waiting areprofitable. We assume that customers who

join the system are served in a First-Come-First-Servecheran

3 We discuss a model where the firm selects the servicguratgimally in Appendix EC.3.2.

41f the customer’s cost of waiting is non-linear, then the maisults of the paper continue to hold. However, some ofehalts in
the Appendices hinge on this linearity. We will comment melaborately on those in the appendices.

5 For a model with waiting time in the queue, see Allon and Basxso (2009a).
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Information Provision and Sequence of Everilibe static structure described above is assumed to be
common knowledge. The real-time state of the system, quoreting to the number of customers waiting in
gueue, is the firm’s private information. The evolution aétbtate will depend on the equilibrium strategies
of both the provider and the customers. The interaction éetwthe customers and the firm is described
as follows: upon a customer’s arrival to the system, the fthat can observe the queue length, makes an
announcement to this customer. The customer reacts toigimatl &y deciding whether to join or not join
(balk). In making the decision, the customer uses the inddion, denoted by, that he can infer from
the firm's announcement regarding the current state of teeesyand chooses an action that maximizes
his expected utility. Therefore the customer will join ifdaanly if R > cE(w|I). The type of signals that
are used by the firm, and the way the customers interpret thesaking their decisions, are described
precisely in the next section.

Note that the customers’ and the service provider’s ingestare not completely misaligned: both prefer
short waiting times, which result in higher utility for thestomer and higher profits for the service provider.
At the same time, we observe that these incentives are ntaqgtgraligned and this would lead to the
equilibria described in the next section. We refer the retm€arrell and Rabin (1996) for a discussion of
settings in which incentives are perfectly misaligned. \bferfally define the concept of misalignment for

our setting in Section 3.
3. Main Results
3.1. Problem formulation

In practice, one observes different types of messages thatomveyed to the customers. These messages
could provide tangible information such as expected waéqueue or the position of the customer in the
gueue. However, in some cases, the message may only havgibi¢ainformation such as the congestion
level or volume of calls being high or low. We propose a fraroduthat allows us to study the provision of
unverifiable information using a unified approach that dadsssume a specific type of the announcement.
The framework accounts for the following key features: &) state-of-world changes dynamically; b) the

customer cannot verify the information provided by the firmmd c) the customers would process any
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information provided to them by the firm and base their aatioit. The structure that we lay out next covers
the suggested framework that allows us not to restrict titeno any specific type of announcements. In
particular, it allows us to account for announcements oW/treety mentioned above.

In this section we formally define the game between the semiovider and the customers. The equi-
librium concept we employ is one of Markov Perfect BayesiasiNEquilibrium (MPBNE), which, in this
case, is simply a Nash equilibrium in the decision rules taktte agents’ actions to their information and
to the situation in which they find themselves, while allogvfor actions to depend only on payoff-relevant
histories.

To formally define the game le¥t = {m,, m, m,,...} represent the discrete set of feasible signals that
the firm can provide to the customer. For example, the setadilide messages may contain non-negative
integers, rational numbers, concrete messages (thosesaritle tangible information) or non-quantifiable
messages (those with only intangible information), amotigeis. We represent the signaling rule by a
functiong : Z — M, whereg(q) = m if the firm uses the signah when the queue length is

Recall that customers are indistinguishable and theitegfias are ex-ante symmetric, both in their inter-
pretation of the signals and in their actions. etM — {0, 1} denote the strategy of the customer, where
y(m) is the probability that a customer joins when the firm signal€onsequently, we interprgtm) = 1
as a “join” decision and;(m) = 0 as a “balk” decision. We initially restrict ourselves to pstrategies.
These provide valuable insights into the structure of im@tion transmission, while keeping the model
simple. We will relax this restriction in Section EC.6.

Under a signaling rulg and decision rulg, the queue evolves as a birth and death process on the positiv
integers where, for any stagethe birth rate is\y(¢(¢)) and the death rate jsl{q > 0}. Here, we use the
notationl{-} to denote the indicator function. As we restrict attention & y, this birth-death process has
a unique steady-state distribution. lzg{y, g) be the steady-state probability of havipgustomers in the
system. We let), , be a random variable with the steady state distribution efnhimber of customers in
the system.

The requirements of a Markov Perfect Bayesian Nash equifibin our context are explained as follows:

Given a signaling rule for the system, customers with aroaatile that dictates joining the system when
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the signal isn will not deviate from this rule if their expected conditidnaility from joining the system,
given byE[R — ¢(q + 1)/ulg(q) = m], is positive. Given the customer’s action rulethe firm will not
deviate from its signaling rulg if it maximizes its steady-state profit, i.e gifsolves an appropriate Markov
Decision Process (MDP, see below) with respect to the actileny. This discussion is formalized in the

following definition.

Definition 3.1 (Markov Perfect Bayesian Nash Equilibrium M PBN E) We say that the signaling rule
g(-) and the action ruley(-) constitute a Markov Perfect Bayesian Nash Equilibrium (NWEBS if they
satisfy the following conditions:

1. For eachm € M, we have

> {q:9(q)=m} [Rfcil]pq(y-,g)

1 a:9(q 7 >0

y(m) = 2 {g:9(a)=m} Pa(¥:9) =
0 otherwise.

2. With f(j) = v — E[h(W (5 + 1))], whereW (j + 1) is the time spent by a customer who joins the

system withj customers, there exists constas.J;, . .., and~ that solve the following set of equations:
= ma { L= o1 = yom) + iy}
= JOMION = 41— y9(0)) + Sint(0)
= g { LTy e (0,0 = () + ()}
e e R e AU R0} S

In the above definition of MPBNE, the first condition uses ttey&sian rule for the customer based on
the signaling functiory to determine whether to join or balk. The second conditiatestthat the composite
functiony o g solves the firm’s MDP which is closely related to #mission control problenm the MDP
literature. In the optimality equations (EC.8), the constarepresents the long-run average profit (referred

to as the gain in MDP literature) made by the firm under optipadicy, and constantg,, /1, ... represent

% Note thatp, (v, g) can be thought of as the beliefs of the agents on the state @yitem. These beliefs must be consistent with
the strategy of the other players.
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therelative cost or the biaor stated), 1,.... Thus, we require thaj, g form an equilibrium only ifg is
bias optimal. Our setting is very close to Haviv and Puternfi®98) which characterizes the bias optimal
policy for an M/M/1 queue, see also Chapter 4 in Bertseka8XR0

Discussion of the customers’ ability and beliefsThe above definition takes the approach that the cus-
tomer is rational, has full state information about the sysparameters, and is capable of forming beliefs
about the system performance given a set of strategies. 3hemgption that the customer has full state
information about the arrival rate is relaxed in Section Z@ that section, we study a model in which
the firm has private information on the arrival rate, and skiwat all the results of the above model extend
to that setting as well. We also relax the assumption thabowsrs are capable of forming beliefs on the
system performance given the strategies of all playersdrgéme, i.e., the firm and the customers. This is
done in Section EC.3.1 by conducting a numerical study irctvbustomers form their action rules through
repeated interactions with the firm. We numerically show sheh an iterative mechanism would lead the
system to the equilibria characterized in this section.theoimplicit assumption made in this definition is
that customers make a decision only regarding joining v&irtog and do not leave the system after joining
but before receiving service. This assumption is relaxefipendix EC.4. There, we show that as long as
the customer experiences linear waiting costs, even ibousts are allowed to update their belief about the
system and renege the queue, the equilibria characterzaimains unchanged.

All these relaxations allow us to test the robustness of #simptions made in the model above, and
show that the resulting characterizations continue to tdidn the assumptions are relaxed.

One of the goals of this paper is to identify the conditiondamwhich a firm can credibly communicate
unverifiable information. Our litmus test for such crediiwill be the existence, or lack thereof, of an
equilibrium with influential cheap talk. When such an eduilim exists, it means that the firm can induce,
by virtue of using at least two distinct messages, two distictions. An equilibrium with influential cheap

talk is formally defined as follows:

Definition 3.2  We say that an equilibriunfy, g) has influential cheap talk if there exist two distinct
signalsm,, m;, that are used with positive probability in equilibriume.i,Z{q:g(q):mi}pq(%g) >0 and
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As in most cheap talk games, the equilibrium, even if it exist never unique. This stems from the fact
that one can relabel the signals or introduce new signalstihtiave the same outcomes and payoffs for

the players.

Definition 3.3 (DOE) We say that two MPBNE&y,, ¢, ) and(y-, g») are Dynamics- and Outcome- Equiv-

alent (DOE), ify,(g1(q)) = y2(g2(q)) forall g =0,1,....

3.2. Characterizing key equilibria

While Definition 3.1 of the pure strategy MPBNE in the prevdaection is complete, it is not directly
amenable for further analysis. Thus, our first step towasatatterizing the equilibria is to show that any

pure strategy MPBNE can be described by a threshold level.

Proposition 3.1  For any pure strategy equilibriunty, g) with influential cheap talk, there exisf§ :=

inf{q:y(g(q)) =0} which is finite such thag(g(q)) =0 for all ¢ > N andy(g(¢q)) =1 forall ¢ < N.

The next proposition shows that one can always reduce a pategy influential equilibrium to an

equilibrium where the firm uses exactly two signals.

Proposition 3.2  Let the pair(y, g) be a pure strategy MPBNE with influential cheap talk andNet=

inf{q: y(g(q)) = 0}. Then the paif(-), j(-)) given by

~ v Jmi g<N, ~ v _ J 1 m=my,
9(a)= {mo otherwise’ y(m) = { 0 otherwise (3)

forms a MPBNE with the same firm profit and customer utilitytker, (v, g) and(y, g) are DOE.

Proposition 3.1 implies that instead of studying the cugiactions and the firm’s announcement in
each state of the system (i.e., queue length), it sufficesctiasfon the threshold queue length, below which
the customer’s action is “join,” and above which it is “balkote that every equilibrium characterized
using Proposition 3.2 requires that the equilibrium hasuatitial cheap talk and thus that the constant
N =inf{q : y(g(q)) = 0} is finite. There may exist equilibria where the constants infinite. We shall

discuss these in Section 3.3.
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Definition 3.4 We say that the thresholg induces a pure strategy MPBNE if the p&ir(-), y(-)) given

by (3) forms an MPBNE.

Before delving into the analysis of the model and the charaezition of the equilibrium, we take a step
back and develop intuition into the possible regimes andarues. In order to do that, and knowing that we
can restrict attention to threshold-based equilibria, mteoduce two important threshold levels: the first,
q*, denotes a threshold value above which a custamilenot join if he hasfull state information of the
state of the system, and below whichwidl join. The second threshold levél,is motivated by the service
provider's point of view. It denotes the threshold leveldwyelwhich the service provider would like the
customers to join, and above which she would like them to,bi#he hadull control of their actions.

Full state information. We defineg* to be the threshold above which customers do not obtainip®sit

utility, in expectation, given full queue-length infornmat, that is

=), @

c

where[-] is the bracket function; i.eq" is the largest integer not exceediRg/c. Note that this threshold
pertains to the marginal customer who decides to balk. Werefiér to this as the first-best from the
customer’s perspective, as this maximizes the utility fierindividual (self interested) customer. As shown
in Naor (1969), this threshold which is based on self-opation (to use the terminology of Naor (1969)),
does not maximize the overall expected utility of the custopopulation. For each> 0 we letyr;(q) be

the probability of a customer joining the system when theegyacustomers in the system and customers
have full state information.

Full control. From the service provider’s point of view, deciding on a #iveld level amounts to fixing
the waiting space in a M/M/%/queueing system. For each valueiotthe expected number of customers
joining the queue per unit of time equal§l — p*)/(1 — p**1) wherep = \/u. Let g denote the optimal
waiting space. Thug; solves the followindgull-control optimization problem

k
g =argmax\ [v—E[h(WL)]], (5)

kEZ, 1—phtt
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whereWV, is the steady-state sojourn time of the customers who j@n\iliM /1/k queue. The follow-
ing proposition, which relies on Knudsen (1972) shows thihsa maximizer exists, and characterizes

properties of the objective function in (5).

Proposition 3.3  The functiorll(-) defined by

oy L=

[v—ERh(Wy)]], k=1,2,...
is unimodal ink, i.e., there existg* € {1,2,..., 00} such that the functiohl(k) is strictly increasing for

k < k* and strictly decreasing fok > k*.

Based on the optimal threshofdwe defineyrc(q) for eachg > 0 to be the probability of a customer
being admitted to the system when there@aoeistomers in the system and the firm has full control.
Our equilibrium analysis will be based on the level of migainent between the firm and the customers.

To quantify this intuitive concept of misalignment, we méke following definition:

Definition 3.5 We define) as themisalignmenbetween the firm and the customers as follows:

o= Z(IUFIU) —yro(d))-

J

For our game, the misalignment equals the difference in thresholds and g, i.e., ¢ = ¢* — ¢. This
misalignment is related to the bias in Crawford and Sobe82)9Using this misalignment measupe
which is based on unilateral optimization under full stat®@imation to the customers and the full control
of the service provider respectively, we can identify thmeggdons. Each of these regions results in a different
conflict of interest, and thus in different equilibria and@mes for the customers and the firm. We will
initially outline the key equilibrium in each of the threegiens and explain the intuition behind them. We
provide a formal statement in Proposition 3.4. The threesase as follows.

I. Complete alignment: ¢ = ¢* — ¢ = 0 (zero misalignment).In this region, the interests of the two parties
are completely aligned, and thus a pure strategy MPBNE isllas\is: The firm gives two signals: i) the first
for low congestion, which can be denoted as “Low.” This slghannounced if the queue length is belgiw

i) A second signal denoted by “High,” which indicates higingestion, and is given when the queue length
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exceedg*. Thus we have(q) =“Low” if ¢ < ¢* andg(q) ="“High” if ¢ > ¢*; the customer joins the queue
when he/she receives the signal “Low” and balks otherwisggi(“Low” ) = “join”, y(“High”) = “balk”.

As stated before, this is the key equilibrium in this regibowever, this need not be the unique pure
strategy MPBNE. As we will show in Section 4, there are migtigquilibria in this model. There, we will,
however, be able to show that even as the equilibria becoagggssively more informative, it is outcome-
and dynamics- equivalent to the one described above.

II. Overly patient customers: ¢ = ¢g* — ¢ > 0 (strictly positive misalignment). In this region, if cus-
tomers are endowed with full state information, they woilké ko join the system even when the service
provider would like them to balk (if she had full control). 0%, we use the term “overly patient” to empha-
size the fact that, in this case, customers are willing to pimore congested system than what the firm
would like. Specifically, when the queue length is betwé@eand ¢*, the customers would like to join
whereas the firm would like them to balk.

We will show that there is no threshold which is immune to défe by both the customers and the
firm and consequently that there is no pure strategy MPBNER iniftuential cheap talk. Indeed, for pure
strategy MPBNE to exist the firm should be able to signal “Mighd customers who receive “High”
should balk. The only threshold immune to profitable dewiatyy the firm isz. Given that under any pure
strategy MPBNE, the customers respond to “High” by balkimgrofitable deviation for the firm from any
other candidate threshold is to announce “High” when thee siathe system is equal to and greater than
g. The customers, however, know thigt ¢* so thatg cannot induce an equilibrium: an arriving customer
that receives the signal that instructs him to “balk,” cawmiaie from the prescribed equilibrium strategy
by joining; the customer will then earn positive utility ifsie theonly state in which he can receive such a
signal is on the threshold itself, which is, by assumptiaioty ¢*), and thusdetectthat such a deviation is

profitable — hence ruling out the possibility of a pure siggtMPBNE with influential cheap talk.

[ll. Impatient customers: ¢ = ¢* — g < 0 (strictly negative misalignment). In this region, the service
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provider would like the customers to join a more congestetiesy than the one they wish to join. Specifi-
cally, when the queue length is betwegrandg, the firm would like the customers to join, whereas the cus-
tomers would like to balk. In order to study this region, wénkeF'(¢) to be the customer’s expected utility
if he findsq customers in the system upon arrival and decides to joinukeej i.e F'(¢) := R—c(q+ 1)/ pu.

We define for/ < k,

k—1

G(Lk) = piF(q), 6)

q=L

wherep] := (p?(1—p))/(1— p**") is the steady state probability gfcustomers in ai/ /M /1/k queue.
Here,G(l, k) is interpreted as the average utility of a customer joinimg/ /M /1 queue given that the

number of customers in the system is betweandk. Then, we have two subcases to consider:

a) G(0,q) > 0: if the firm announces “Low” when the queue length is belpand “High” otherwise,
the customer would like to join when they get the “Low” signes their expected utility is positive (since
G(0,q) > 0). Further, since in equilibrium “High” would be announcedywhen the queue exactly equals
q, the customer would balk as they know thak ¢. Alternatively, the customer can experience the negative
utility and thus will not follow the prescription of the firnThis is optimal for the firm and also describes
our pure strategy MPBNE for this setting. Thus, the firm isatde of achieving its first best profits and
operates as if it has full control over the customers’ decisi

b) G(0,7) < 0: In this case there is no pure strategy MPBNE with influerdiedap talk. For pure strate-
gies equilibrium with influential cheap talk to exist the fighould be able to signal “Low” and customers
who receive “Low” should join. As in case I, the only thre&thommune to profitable deviation of the firm
is ¢. However, the customers know thigt ¢*, thus threshold@ cannot constitute an equilibrium; an arriving
customer that receives a signal that instructs him to “jemuld receive negative expected utility and thus
can deviate from the prescribed equilibrium strategy biibgland obtaining zero utility. This rules out the
possibility of a threshold-induced pure strategy MPBNE.

The intuition is simple: if the expected utility of the custers under ad//M /1/q system, as given by

G(0,q), is positive, they will have no incentive to deviate. Any @gion here will lead to zero utility for
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the customers. If, on the other hand, their utility is negatthey would be better off by not joining at all.
Consequently, the threshajdtannot induce a pure strategy MPBNE. Further, no otherhiotdss immune

to profitable deviation on the firm’s part. Thus, in case )lftrere does not exist a pure strategy MPBNE
with influential cheap talk. We emphasize, however, thatisedll(a) the customers can be lured to join the
system even in states in which they obtain negative expexti@g as long as their utility averaged over all
states in which they join is positive.

We turn now to the formal statement of the equilibria we hagsewssed thus far. To this end, we &t
andIlr- be the firm’s profit under full state information and full cositrespectively. Let/r; and Urc
denote the expected utility of the customers under fullesitafiormation and full control, respectively. As
discussed beford] - is the first-best profit for the firm andy; is the first-best utility for the customer.
The next proposition summarizes the above observationslandcompares the firm’s profit and expected

customer utility under the different equilibria.

Proposition 3.4
I. If ¢* =q, theng* induces a pure strategy MPBNE. Under this equilibrium theBrprofit equaldlz-
and the expected utility of the customerg/is;.
Il. If ¢* > g, there is no finite that induces a pure strategy MPBNE.
ll. If ¢* < q, then there are two cases:
(@) If G(0,q) >0, g induces a pure strategy MPBNE. Under this equilibrium theaBrprofit equals
[Tz and the expected utility of the customerg#/is-.

(b) If G(0,q) <0, there is no finite; that induces a pure strategy MPBNE.

First, it is important to note that all pure strategy equitithat have influential cheap talk are neologism-
proof. Neologism proof merely means that given an equilitorithe firm (i.e., the sender of the information)
does not have incentives to use words that are not used ifibegumn but may have a “focal meaning” for
the customer (i.e., the receiver) and are profit enhanciagird said that, it is important to recall that there
are multiple pure strategy equilibria in the basic game cWitian be generated by relabeling the messages

the firm provides. Yet, when pure strategy equilibria exiitequilibria result in the same profit for the firm,
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the same average utility for all customers and the samemydymamics. That is, all equilibria are DOE
(Dynamics and Outcome Equivalent). The main implicatioslodwing that all equilibria are DOE is that
there is a unique outcome for the firm and the customers.

Social Optimization.By settingh(w) = cw andv = R, (wherec is the disutility experienced by cus-
tomers due to waiting an® is the value obtained by the customer from service) the systanager’s
problem amounts to maximizing the social welfare in theeystlt follows from Naor (1969) thaf < ¢*.

In this case, the solution of the first-best and full contnallpem lies in Region | or in Region II. Thus,
either the customers are fully aligned and the social planae announce the true state of the system or
there is no pure strategy equilibrium with influential chéag. The firms’ myopic optimization (based on
each customer separately) may seem to be aligned with tihencess utility maximizing problem. How-
ever, due to the externalities and the fact that ¢*, influential communication between a social planner
and customers is impossible in pure strategies.

To summarize our findings so far: we have identified threeoregieach with a different equilibrium
behavior. We observed that a pure strategy MPBNE with inflaknoheap talk exists only if the firm’s
and the customers’ incentives are perfectly aligned oreafdbstomers are mildly impatient. Further, we
prove that any MPBNE with influential cheap talk is DOE witlesle equilibria that have only a two-signal
language.

Next, we would like to understand if an MPBNE exists with nofiuential cheap talk. We shall study
the following three types of equilibria: First, in SectiorB3ve show the existence ofabblingequilibria,
where the customers disregard any information that the fiowiges and hence render the cheap talk non-
influential. Next, in Section EC.6, we extend the definitidiVd®BNE to allow customers to randomize
their actions. We characterize thexedstrategy MPBNE witton-influentialcheap talk as well as the one
with influentialcheap talk. Lastly, we examine whether or not firms can pewidre detailed information
regarding the state of the system. As we have already sedisisdction, such revelation cannot change
the outcome or the dynamics in equilibrium (if such revelatieads to an MPBNE with influential cheap

talk). To this end, in Section 4 we will define a notionmbst informativeequilibria, that characterizes
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an equilibria where the information provided to the custooanot be “refined” by the firm in a credible

manner.

3.3. Babbling equilibrium

The equilibria constructed above are based on a signallagvith two signals. In practice, however, there
are many service providers that share no information wieatsowith the customer, whether it is direct
information or one that is implicit in the type of recorded simiheard while waiting. Are these systems,
where no meaningful information is transmitted, in equilim? Furthermore, is it possible to have an
equilibrium in which the firm does provide information, butedto the lack of its credibility, customers do
not follow the firm’s recommendation? It turns out that suskequilibrium may indeed exist in our setting.
When it does exist, it is referred to as a “babbling” equilibn (see Farrell and Rabin (1996)) to denote
that the information transmitted is uncorrelated with ttegesof the system, and any information provided
is treated by the customers as meaningless. We first providerel definition of babbling equilibrium.
In the following let@, , be a random variable with the steady state distribution euguength under an

MPBNE (y, g)

Definition 3.6  We say that a pure strategy MPBNE equilibridm ¢) is a babbling equilibrium if the

random variableg/(Q, ,) andQ, , are independent angi(m,) = y(m;) for all m;, m; € M.

Definition 3.6 states that the firm provides signals that aeurelated with the state, and that the cus-
tomers are disregarding any information which is providgthe firm, either because the messages provide
no information (i.e they are identical) or because the firok$acredibility. In the setting of Crawford and
Sobel (1982), such an equilibrium always exists and it isetomres the only one. In contrast, in our model,
such an equilibrium exists in pure strategies only underctivaditions that are stated in Proposition 3.5
below! Using the definition of pure strategy MPBNE, it is clear thatdn equilibrium to be a pure strategy

babbling equilibrium it must be the case that for eache M, y(m;) must either b& or 1. However,

”Seidmann (1992) provides an example of a setting in whictbhlbay equilibrium does not exist.
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it is easy to see that(m;) = 0 for all m; € M cannot form an equilibrium. Thus, in our model, a “bab-
bling equilibrium” exists in pure strategies if, in the abse of information, all customers join. If indeed
all customers join, the resulting queueing system idBf\//1 queue (i.e., with infinite waiting space), in
which case the average steady state waiting tim&[i§] = 1/(x — A) and customers join if and only if

R>cE[W], i.e,if R>¢/(;u— N). To provide rigorous characterization we have the follayviesult.

Proposition 3.5 There exists a pure strategy babbling equilibrium if andyoifil R > Y Further, if

¢* < qgandG(0,q) <0, i.e., Case Ill(b) of Proposition 3.4, there does not exigiuge strategy babbling

equilibrium.

Whenever a babbling equilibrium exists, the firm’s profit anduch an equilibrium is denoted bl ;,
and the customer’s utility under such an equilibrium is deddoy Uy ;. (NI stands for non-influential.)
The following proposition shows that even though a babbdiggilibrium may exist, the firm’s profit under
this equilibrium is dominated by the firm’s profit under theotgignal equilibria described in Section 3.2.
Further, the customer’s expected utility is lower underlibbbling equilibrium as compared to his utility

under the two-signal equilibrium.

Proposition 3.6 Assume that both a pure strategy babbling equilibrium andguilibrium with influential

cheap talk exist, theti,; < U; andIly; <II;.

Proposition 3.6 underscores the value of communicatioenBvough an equilibrium with non-influential
cheap talk does exist, both the service provider and th@ewess are better off when moving from a bab-
bling equilibrium to an equilibrium with influential cheagilk (if such equilibria exist). This communication
does not necessarily maximize the customer’s overall égdadility but it does improve it. The rationale
behind Proposition 3.6 is as follows: Naor (1969) shows tia¢n customers are self interested and can
observe the length of the queue prior to joining, their optithresholdg*, is higher than what the social
optimum prescribes biit is finite. In our setting, we observe the threshold queue length fotvtbesignal

equilibrium is at least as high @s$. Further, for the babbling equilibrium, when it exists, theeshold is
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infinite. Thus, using information improves the customewrsrall expected utility when compared to set-
tings where the service provider is giving no informatiomt&lthat this improvement in utility and profit is
achieved even though the information is unverifiable.

At this point, we remind the reader that in the region wheeedhstomers are overly impatient (region
l1I(b)), there is no pure strategy MPBNE neither influentiar babbling. Without expanding the strategy
set for the customers or the firm, it is unclear how the syst@mldvbehave in this parameter regime. To
alleviate this unresolved matter, we next explore the jiigiof a MPBNE in which the customers are

allowed to randomize.

3.4. Does randomization enable communication?

In this section we summarize the results of Appendix EC.6revlvee relax the assumption that the cus-
tomer, given an announcement, either joins with probahbilior balks with probabilityl, i.e. we allow the
customers to randomize. We discuss the impact of allowiaditm to randomize in Appendix EC.5.

We show that in this setting it is never optimal for the firm seuhe same signal for two states but use
some other signal for a state in between. Thus, a firm will npvevide the same signal on two disjoint
intervals, and provide a different signal in between.

We have shown in Section 3.3 that babbling equilibria nederist in pure-strategies. When customers
are allowed to randomize, however, such equilibria alwagisteWe characterize the details of such an
equilibria in Appendix EC.6.1.

In Section EC.6.2 we show that in addition to the babblingldaia, there may exist moraformative
MPBNE in mixed strategies. We start by showing that it suffite consider equilibria with certain char-
acteristics. Specifically, in the following proposition wieow that, if customers randomize, they will do so
only within an interval. Furthermore, we show that balkinghaprobability 1 in some states and joining
with probability 1 in other states cannot co-exist. Thugréhare only two possible types of two-signal
mixed strategy MPBNE in which randomization is used. The tyges can be described as follows: The
firm announces “High” and “Low” based on the threshgld.., the customers then react as follows: (a) in

the first type of MPBNE which we shall refer to d@in or Randomizequilibria, the customers who receive
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“Low” join the system and the customers who receive “Highhjthe system with probability € (0,1);
(b) in the second type of MPBNE which we shall refer toRendomize or Balkquilibria, the customers
who receive “Low” join the system with probabili}; and the customers who receive “High” balk. Both of
these equilibria are completely defined by two parameteesthreshold;,,.;,, used by the firm for signaling
and the randomization parameteiWe provide a characterization of the péit,...., ¢) which induces the
mixed strategy MPBNE in Appendix EC.6.3.

So far, we characterized and proved the existence (or nisteexe) of two-signal communication
between the firm and its customers that form a MPBNE. We nexttuthe question regarding the existence

of additional equilibria.
4. Most Informative Equilibria

In practice, firms frequently use announcements regardiegongestion in the system or the volume of
calls that are equivalent to the two-signal equilibriumtHis section we show that other types of equilibria,
in which more information is provided to the customers asm gdossible. While these equilibria may be
different in terms of the firm’s announcements, they are hévatpnt in terms of the customers’ actions,
their utility, and the firm’s profits.

To formally examine this question we introduce the notiomasfst informative equilibria

Definition 4.1  Consider an ordered s& = {a, = 0, a,, as,as, ...,a; = oo}, wherea; € Z, 8. Consider
the signaling rule defined as followg(q) = m; for all ¢ € [a;_1,q;), for all 1 < j < .J. We say that the
setS induces a mixed strategy MPBNE if there exists an actionygte < [0,1] for all n € N, such that
(y(+),9(+)) forms a mixed strategy MPBNE. Further, if there does nottetsaction ruley(-), such that

(y(+),g(:)) form an MPBNE, we say that the ordered set does not induce edsixategy MPBNE.

Definition 4.2  We say that an ordered s8tinduces the most informative pure strategy MPBNE, if the
following holds: (a)S induces a mixed strategy MPBNE in the sense of Definitiorasid (b) every ordered

setS’ O S does not induce a mixed strategy MPBNE.

8 Note thatJ could possibly be infinite.
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For the two types of mixed equilibria defined in the Section@&Z, we put:

Tl — max{q : there exist® such tha{q, #) induces a Join/Randomize type mixed strategy MPBNE.

qmim

"5 — min{q : there exist® such thatq, #) induces a Randomize/Balk type mixed strategy MPBNE.

qmim

The following result describes threost informativepure strategy MPBNE.

Proposition 4.1

I. If ¢* =q, the setZ, induces the most informative MPBNE. In this equilibrium fine’s profit equals
I1z¢, and, the expected utility of the customer¥Fis .

II. If ¢¢ > ¢, we have the following cases: (a) If there exists a mixedtegsa MPBNE of type
Join/Randomize with parametefs,...,¢), then the se{0,1,...,¢/% o0} induces the most informative
equilibrium, and (b) If there exists a mixed strategy MPBNEype Randomize/Balk with parameters
(Gmiz, 0) thenthe sef0, ¢E8 ¢BB 41 ¢FB +2... oo} induces the most informative equilibria. (c) If there
does not exist any informative mixed strategy MPBNE themib&t informative equilibria is the babbling
equilibria.

. If ¢* < g, either: (&)G(0,q) > 0, in which case the sé0, 1,2,...,3,¢,¢+1,...,00} induces the most
informative MPBNE wherg = argmax {q : G(¢,q) > 0}. Under this equilibrium the firm’s profit equals
1. Further, the expected utility of the customer&is-.(b) If G(0, ) < 0, and the mixed strategy MPBNE
of type Randomize/Balk has parametgrs,., 0) then the sef0, ¢Z2 ¢f8 +1 ¢B8 +2,... oo} induces
the most informative equilibria.

One consequence of Proposition 4.1 is that if the firm is ndep#y aligned with the customers, it will
always maintain some level aftentional vaguenes®fecall, that by intentional vagueness we mean that
under the most informative equilibrium, the firm provides #ame signal on multiple states of the system.
This occurs, for example, in case Ill(a) where the firm isntitnally vague when the state of the system
is betweery andq so that customers are lured to the system. If the firm provédgsfurther information
in these states, the firm would forgo some of its profits ansl ¢Annot be sustained in equilibrium. It is

important to note that, even though the most informativeldxia could have countably infinite signals
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(under Randomize/Balk and full alignment), only a finite setof these are transmitted with strictly positive
probability.

In discussing the opportunities for the service providelute a customer to take an action against his
best interest we need to distinguish between two types atiegfies: (i) misrepresentation of the state of the
system, and (ii) intentional vagueness. The latter was showroposition 4.1 to be not only feasible, but
an actual equilibrium that may arise under certain conadid he former, however, is not possible. There
are several reasons for this impossibility. These are basele fact that customers are strategic and thus
can detect such a lie, in the same way that they can detecfitaple deviation from a strategy profile.

Summary of the Results and Implications.The following figure summarizes our findings thus far.
Note that the if the customer and firm have identical impatethe firm can reveal complete information
regarding the system state, this corresponds tditikegree line shown in Figure 2. Further, if the customers
are more patient than the firm then any equilibrium that existist entail randomization by the customers,
and thus the firm cannot achieve its first-best profits. HoweWéhe customers are less patient than the
firm, then the firm achieves its first-best profit by using vagueouncements unless the difference between
the patience is not too large. This is depicted in the regimva the 45 degree line in the figure. Thus, there
always exists intentional vagueness in the announceméegsithe firm and the customers are perfectly
aligned.

Announcements and Managing Customer ExpectationsThe announcements in our model are used
to build customer expectations about the congestion inykm. In this sense the announcement plays a
role of managing customer expectations regarding the systegestion. It is interesting to note that the
message provided to the customer might not exhibit thigimé&tion literally but is captured by the bayesian
rule employed by the customer (Condition 1 in Definition 3fMPBNE). In this section, we explore the
extent to which the firm can reveal the information, i.e., hecisely can we tell the customers “what to
expect?” while sustaining the equilibrium. The above rissndicate that in our setting, since the incentives
of the parties are not perfectly aligned, the firm almost gbvaeeds to use intentional vagueness when
managing expectations regarding the system congestigurinstrategies, the firm uses intentional vague-

ness to lure customers into the system, in order to makelsefermn itself does not have incentive to deviate
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Figure 1  The three regions as defined in Proposition 3.4, based oruiterners’ patience and the firm’s patience.

from this announcement. When allowing for mixed strategtes firm is using intentional vagueness, even
though the firm’s profit is below its first-best, in order to s an equilibrium - this time making sure that

the incentives for the customers are aligned.
5. Conclusions

We study a model of a service system where customers are hostoategic in their actions but also in
the way they interpret information. The service providerhan end is strategic in the way she provides
information. We show that even though the information istless and unverifiable, it can improve the
outcome for all players. Through a stylized model, we are &bprovide a theoretical basis for intentional
vagueness on the part of the service provitler.

The framework used in the paper echoes the cheap-talk mogjgbged in Crawford and Sobel (1982).

Driven by the application to services, we proposed a modsl ltlas two key features: First, the model

91t is important to note that different firms may have differeeasons for using intentional vagueness. For exampleseegice
systems are more complex than simple M/M/1 queues (bothatipeally and in terms of information availability to botlanies)
which implies that the service provider may be unsure abfmntapping between the number of customers in the systenhand t
resulting waiting that a customer would experience. Thiseutainty may be a driver for the intentional vagueness roiskin
practice.
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considers multiple receivers (customers) whose actiome baternalities on other receivers. Second, the
stochasticity of the type (i.e., state of the system) is mogenously given but is determined by the equi-
librium strategies of the players. We show that these hawetrigial impacts on the structure of equilibria.
The framework developed in this paper can be applied to @perations management settings where the
customers cannot credibly verify the information providedhem. Allon and Bassamboo (2008) studies a
setting where a retailer signals strategic informatiorh#potential buyers.

Throughout this paper, we assumed that the queue is Markavid that there is a single server. The
results in the paper are extendable to the case of multiplerse Another assumption which can be relaxed
is the assumption that < . (i.e., demand is less than capacity). The structure providehe paper also
holds for\ > . The model in the paper can be suitably extended to allow fdtiphe customer classes.
The MPBNE that arises from this model would have a richer ldiim language. However, it can be
shown that under mild condition, the solution would exhi@gimilar threshold-type structure. (See Allon
and Bassamboo (2009b) for analysis of such models). In #pep we assumed that announcements are
provided immediately upon the customer’s arrival. Allorddassamboo (2009a) shows that delaying the
information providing may assist the firms in improving itedibility for some parameters, yet it may hurt
its credibility as well.

Future models should also account for the fact that customey not be expected-utility maximizers.
Under such modeling assumptions customers may prefeviegénformation over no information, and in
particular, customers may prefer more accurate announdsnteurther, in many settings one may expect
that the value obtained from the service and the cost of mgatt be affected by the announcements made

by the firm.
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E-Companion to “We will be right with you”: Managing customer
expectations with vague promises and cheap talk

The Appendices are organized as follows. Appendix EC.1 ewagour findings with the classical cheap
talk model. Appendinx EC.2 studies a model where we relaxatiseimption that the arrival rate is known
to the customers Appendix EC.3.1 describes a model wheatammément scheme leads to the equilibrium
described in the main paper. Appendix EC.3.2 presentstsesibimulation study for a model where the
firm chooses the capacity level optimally. Appendix EC.4Ldsses the setting where the customers can
abandon the system after joining. Appendix EC.5 discussashéng the signaling rules by considering
strategies where the firm is allowed to randomize. Appen@6E3 provides the characterization for various
types of mixed strategy MPBNE. Lastly, Appendices EC.7,&8d EC.9 contains the proofs of the results

in the main paper, the e-companion and the supporting lenmesgectively.
EC.1. Comparison of our results with classical cheap talk mod el

In this section, we contrast the key conclusions of our ctielipmodel with the classical Crawford and
Sobel (1982) model. To do this effectively, we summarizedlassical cheap talk game and its results.
The static game in Crawford and Sobel is played between aesevitb has some private information and
a receiver who takes the payoffs-relevant actions. Boths#meler and the receiver obtain utilities which
depend on: (a) the action taken by the receiyefb) the state/typ€). We denote the utility of the sender by
m(y,Q) = —(y — (Q —b))?, and the receiver's by (y, Q) = —(y — Q). In this setting, the receiver would
take the actiorf) if the receiver has full state information; and if the senldas full control, his preferred
action isQ — b. Thus, using our definition, the misalignment in this set&guald.

Comparison of key results.The following are the key differences between the outconmiofjame and
the classical cheap talk game:

1. In our model, Proposition 4.1 shows that it is never adlestor the firm to provide full state informa-
tion, even if it could have committed to fully reveal the staf the system, unless the firm and the customers
are fully aligned (i.e., if the misalignment is zero). Hentteere are two reasons for the firm to shade infor-

mation: first, to lure customers to join in states in whichythwuld otherwise balk had they known the real



ec2 e-companion toAllon, Bassamboo and Gurvich:Managing Customer Expectations with Vague Promises an@Chalk

state of the system (as long as, of course, the system ismobtmested) and, second, in order to sustain an
equilibrium with influential cheap talk, for example by indng a mixed strategies equilibrium. While the
latter is analogous to the benefit of shading informationtiav@ord and Sobel (1982), the former is novel
to our operational setting. From the above, it may seem tiettis a tension between the firm and the
customer, i.e., when the firm tries to improve its profit by mngJ#rom a non-informative to an informative
equilibrium by luring the customers, the customers may latheir overall utility. However, we find that
there are situations where the firm can create influentigidage by shading information and also improve
not only itself but also the customer’s utility.

2. In our model, the existence (or non-existence) of theldguim depends not only on the magnitude
of the misalignment, but also on the direction. While thestetice of an equilibrium in the classical cheap
talk model depends only on the magnityéle In our case, the sign (and not just the magnitude) of the mis-
alignmentg* — g is crucial in determining whether an equilibrium exists ot.rThis is due to the different
levels of detectability associated with the different@ias - by joining the system when “recommended” to
balk, the customer can potentially detect the true statkeogystem; however, by balking when “asked” to

join, the customer does not gain any information.
EC.2. Relaxing the Information Structure

The paper thus far assumes that customers have perfeanetion about the parameters of the service
system. In this section, we relax this assumption and tesihustness of our results. We consider a model
in which the firm has perfect information of the arrival raget customers know only the distribution of
the arrival rate. For simplicity, we assume that there atg two possible states-of-the-world; andw, so
that the arrival rate i8,,, W.p. p.,, Or A,, W.p.p., = 1 — p,,, . Further, we define the s@t= {w;,w,}. This
models a service provider whose call volume varies from dalaly. Most call centers can distinguish very
quickly between the two states. However, customers callimgny specific day do not know the exact state
of the world.

We begin by defining the notion of MPBNE for this setting. Testnd, we denote the firm’s signaling

rule byg : Z x Q — M, wherey(q,w) is the message that the firm announces when the number ofreersto
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in the system ig and that the state of the worldds wherew € Q2. Thus, the firm’s signal depends on both
the state-of-the-systemand the state-of-the-worl@ € 2. As before,y denotes the customer’s strategy
which maps the message to the probability of joining theesyst.etp, (g, y) be the steady-state probability
that the number of customers in the syster 8hen the firm uses the signaling rujeand the customers

use the strategy. (Note thatp,(g,y) depends omp,,, andp,,,.)

Definition EC.2.1  (Markov Perfect Bayesian Nash Equilibrium MPBNE) We say that the signaling
rule g(-,-) and the action ruley(-) constitute a Markov Perfect Bayesian Nash Equilibrium (NAEB, if
they satisfy the following conditions:

1. For eachm e M,

1 Z{q:g(q,w):'m,weﬂ} [R_C$:| pq(¥,9) > O
y(m) = X{g:9(q.w)=mwen)} Pa(¥:9) -
0 otherwise.

2. With f(j) = v — E[R(W(j + 1))], whereW (j + 1) is the time spent by a customer who joins the
system withj customers, there exist constants, Jy’, ..., and~* for w € €2 that solve the following set of

equations:

J§¥ = max {M +J5(1—y(m)) + Jf’y(m)}

meM Aw
= JOWIOD 207 | (1~ y(g00.0)) + Trula(0.09)
o _ fl@ym) =~ pn o, Ao qw
gy = o { L0 e 2=y + o)}
_ [f@ylglgw) =" Ao y
- (LGN Mg 20 o) + T (ol ) fEC.D)

As in the previous section, we begin by proving that any dopiilm with influential cheap talk is DOE

with another equilibrium that has only two-signals.

Proposition EC.2.1 Let the pair(y, g) be a pure strategy MPBNE with influential cheap talk. Themethe
exists two thresholdg,, andg,,, so that the firm’s signaling rule and the customers’ stratage defined

as follows: for anyy € Z andw € €2,

~ _mi ¢<7q,, ~ 1T m=my,
9(g,w) = { m, otherwise.’ y(m) = { 0 otherwise. (EC.2)
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such that(y, g) is DOE to(y, g).

Thus, it suffices to study only two-signal equilibria. Toglkeind, we define the following.

Definition EC.2.2 We say that the thresholdg, ,q,,) induce a pure strategy MPBNE if the pair

(9(-,+),y(+)) given by(EC.2)forms an MPBNE.

Using Proposition 3.3 for each arrival ratg, and,,, along with the fact that the firm has perfect knowl-
edge about the arrival rate, we obtain that the full contoblition in this case can be described in terms
of two thresholdsg,, andgq,,. Under this full control, the firm would admit customers iEthumber of
customers in the system is less than when the arrival rate is,,, for i = 1 and2. We now study the
customers response when the firm tries to implement its éuitrol solution. In this case, the firm would
give a message geared to induce customers to join and a ree¢hsagnduces customers to balk. Thus, the
firm would use the same message to signal different levelsmjestion for different states-of-the-world.
The customer, when presented with a message needs to figufesmg bayesian rules) the state of the
system, which will require him to update his prior on theetitthe world (given the message).

We will next characterize the equilibrium that arises infsea@ame. To that end, we begin by discussing
the updating mechanism. Lgf, denote the conditional probability of being in state-of-thorld w € €2,
given that the firm uses a message that tries to induce themass to balk. To compute this probability, we
definep’ , := (p%(1 — p.))/(1— pE™) to be the steady state probability @tustomers in ad//M/1/k
queue with traffic intensity,, = A,/ andw € Q. Note that this definition is linked to the functigr
defined earlier. The key difference is that here we need towaddor the different arrival rates. We thus
have

Gy
pwlp‘iwl ;W1

pwl = g 5 ﬁwg =1 _ﬁwl- (EC3)

dw
PPy won T PnPin o
Combining these estimates to obtain the state-of-theesyghe customer would conclude that the aver-

age number of customers in the system is

/q\: pwl (jwl +pw2qu2-
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In the same spirit, we defing, to be the conditional probability of being in state-of-therld w € €2, given
that the firms uses a message that tries to induce the custoioar. Using Bayes rule, we obtain:

dur )

P (1 =140 oy

ﬁwl - 7ﬁw2 - 1 _ﬁwl' (EC4)

Py (1= Pit ) 4Py (1= DL )
In order to state the formal result we also need to extend ¢ffiaition of the functionG(-), defined in
equation (6). Recall that'(¢) is the customer’s expected utility if he findsustomers in the system upon

arrival and decides to join the queue; iFg) := R — ¢(q + 1) /. We then define fof < k.,
kw—1
Gl ky) =Y P F(q). (EC.5)
q=t
The next result formally states the conditions for exiseeatan equilibrium with influential cheap talk.
Specifically, it shows that the findings in Proposition 3.4dh@ven when there is asymmetry with respect
to the information about the state-of-the-world (in thisegthe arrival rate). In stating the proposition, we

useq* as defined in equation (4).

Proposition EC.2.2
l. If ¢* =g, then threshold$4., , 4.,) induce a pure strategy MPBNE.
Il. If ¢* > ¢, there is no influential pure strategy MPBNE.
. If ¢* <q, then:
@ If p.,Go,(0,qu,) + PuyGuy(0,Gu,) > 0, then the thresholdsq., , ¢.,) induce a pure strategy
MPBNE.

(b) If po, Gy (0,0, ) + Puy Gy (0,4u,) <0, there is no influential pure strategy MPBNE.

The above proposition shows that even with an additionaray asymmetry of information, the equi-
librium structure and the conditions for the existence afilfgrium remain essentially the same as in the
base case. One of the key conclusions from the base modeitithdre is (almost) always some level of
vagueness needed to ensure the existence of an equilibithnmfluential cheap talk. We shall next show

that the additional layer of information asymmetry only adalthe extent of vagueness in equilibrium.
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Appealing to Proposition 3.4 for each state-of-the-wodgarately, we observe that it will be possible
for the firm to reveal the true state of the world and still béedb sustain an equilibrium with influential

cheap talk, if and only if
Re/p <min{dy,,duw, }, Go, (0,¢.,) >0 andG,,(0,q.,) > 0. (EC.6)

Note that if (EC.6) is satisfied then a two-signal equilbrigirhere the firm does not disclose the state-
of-the-world) can also be sustained. However, one can diserge that there might be settings where an
equilibrium characterized in Proposition EC.2.2 existstha conditions in (EC.6) are violated.

Thatis, when these conditions are violated, an additiaagllof vagueness (this time regarding the state
of the world) is needed to guarantee the existence of anilequrh with influential cheap talk. Moreover,
there is almost always a region in which the firm cannot retlealstate-of-the-world and still sustain an
equilibrium. In other words, we observe that the firm may Hagentives to suppress information about the
state of the world and to be intentionally vague about thie sththe system.

The results are best explained using Figure 2. In the figueedepict the range of values th&f c.. can
take for the firm to sustain an equilibrium. Hejg is the expected number of customers in the system
when the firm implements its full control and the state of th@ld/is w; € 2. The figure captures three
possible configurations: one in which the customer pesfdatbws the arrival rate to bg,,, (the vertical
axis), second, in which the customer perfectly knows thwalrrate to be\,, (the horizontal axis), and a
third, in which the customer does not know the exact statb@frorld (the 45 degree line). Note that the
first two are sub-games for the setting where the arrivalisgteown to the customer.

When the customer knows that the arrival rate.is, an equilibrium with influential cheap talk can be
sustained as long ag < [q., , 4., |- Analogously, when the customer knows that the arrival isife,,, an
equilibrium with influential cheap talk can be sustainedaw®lasg* € [§.,,¢.,]. The main result above
states that when the arrival rate is not known to the custemwéh certainty, there exists an equilibrium
with influential cheap talk, provided that € [g, j]. As we observe in Figure 2, for the valueg@fbetween
the red dots, the firm can sustain an equilibrium with inflisdrcheap talk in all three configurations. Thus,

an equilibrium with influential cheap talk in the game withpierfect information can be sustained whether
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or not the firm reveals the state-of-the-world. For the valoig;* along the blue line, an equilibrium cannot
be sustained if the customers have information about the-sfethe-world or the firm tries to reveal it.
Thus, we obtain the result that suppression of informatialy be needed to sustain an equilibrium.
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Figure EC.1  Information Asymmetry: We observe that in some settingsh@q* lies on the blue arrows) the firm prefers

suppressing the state-of-the-world information.

Discussion.In our model a customer does not need to know the threshottihysthe firm or the actual
arrival rate. Customers are rational and apply Bayes ruagalvith the steady state probability of the
resulting queuing system, to obtain the “mapping” betwdmndignal they receive from the firm and the
decision they take whether to join or balk. In that sensegtistomer does not need to know the threshold of
the firm (i.e. the strategy). Customers only need to formelfelithat are consistent on the equilibrium path)
on the system being in a specific state, in terms of the nunfh@raple in the system, given a message and
their prior belief about the arrival rate to the system.

We observe that all the findings for the pure strategies elxterthis relaxed model with information
asymmetry. Further, one can show that when allowing for ohigigategies, similar results are observed.

Specifically, any equilibrium has a DOE equilibrium with teignals. Moreover, the structure of the mixed
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strategies equilibrium can be divided into the same JoindRenize type and Randomize/Balk type equi-
librium. It is also worth noting that all these findings carsigabe extended to settings where there is a
countable number of states of the world.

To summarize, we note that the base model captures somefauédrmation asymmetry, which drives
the main result regarding the need for intentional vagugneshis section we observe that the existence of

additional levels of information asymmetry can only leadhttreased vagueness in equilibrium.
EC.3. Numerical Study
EC.3.1. Convergence to equilibrium

In this section we conduct a numerical study to illustrater llwe different pure strategy equilibria charac-
terized in the main paper are to be reached via a Tatonnesnkatne in which customers adaptively, yet
myopically, learn how to map the signal of the firm to theiri@gctso as to maximize their utilities. This
study sheds light on the robustness of our findings, in pdaicwhen customers are not necessarily capable
of forming beliefs about the queueing dynamics given thesagss provided by the firm, and the strategies
of all customers.

We consider a multi-period setting of our cheap talk gameadch period, the customers use their past
experience to decide how to respond to various messageasigyvine firm. Customers start with arbitrary
beliefs regarding the meaning of the messages and the isigmales that the firm uses. The firm, knowing
how the customers respond to these signals in each periesl thusse signals to maximize profit. Thus, in
any period the strategy of the firm can be computed using an 4B Condition 2 of Definition EC.2.1).
The updating mechanism used by the customers is as followseriodn the probability of joining after

receiving a signain; is given by:

an(mg) = (1—a,_1(m;)) a1 (m;) + a1 (my) U™ (m;) > 0}), (EC.7)

whereU"~!(m;) denotes the expected utility obtained by the customers wlefirm announcesz; in
periodn — 1. Also, we assume that the length of each period is suffigidaitlg so that the system reaches

its steady-state. For the purpose of the above describeatingdnechanism, we shall use the expected
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steady-state utilities obtained by the customers. The tupgglaule outlined in (EC.7) assumes that only
those observing the state of the system are capable of ngdhgir beliefs.

While other more effective ways to teach the customers mist,exe use a simple, myopic learning
scheme. The goal of this numerical study is merely to ilatsthow the different equilibria (or lack there
of) in this paper may be reached using a simple iterativegg®even when the customer has no a-priori
knowledge of the meaning of the messages, the equilibritategfies, or even the properties of the queueing
system.

We consider three sets of parameters, each with non-zeadignment. These sets correspond to regions
I, llla and lllb of Section 3.2. In the first, we use the followg parameters: The arrival rate of the customers
is A =1 customer per unit of time. The service rateuis- 2 customers per unit of time. The firm earns a
value ofv = 10 from each customer served, and incurs an holding cost of tystomer per unit of time,
i.e.,h(w) =w. A customer, on the other hand, obtains a rewarlf ef 5 from service and incurs a disutility
of ¢ =1 per unit of time from waiting. At, time: = 0, the customers begin with subjective beliefs that any
signal should result in joining with probability/2 and balking with probabilityl /2. At time n = 0, the
firm begins with the following strategy: it signals; whenever the queue length is below 25, and signals
my otherwise. (Note that under the customers’ initial sulbjecbelief, the firm is indifferent among alll
thresholds.) For these parameters, we compute the pralesbdf joining for signalsn, andm, for the
customer using (EC.7) and the optimal response for the firpeitodsl, ...20 using an appropriate MDP.
The customers update their beliefs that the firm uses signalhen it is beneficial for them to join. (As
one can observe, when the firm uses signalfor the low states of the system, the customers’ probability
of joining based on their belief converge to 1, while for sigm, the probability of joining converges to
zero.)

Figure EC.2 depicts the probability of joining for the sitga, andm, in each period,...,20. The
parameters in this case fall under region llla, in which a-sigmal informative equilibrium exists. In
this case, the iterative process converges to an informatilibrium. In this equilibrium, when the firm
announcesn, all customers join, and when it announees, all customers balk. Note that in this exper-

iment, the literal meaning of the signals (or whether thegrnellave a meaning) played no role in the
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Figure EC.2  Tatonnement scheme for Region llla, the case of informatiyalibrium. The probability of joining given the

messagen, converges to 1, and for message converges to 0.
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Figure EC.3  Tatonnement scheme for Region Il, the case of non-informaquilibrium. The probability of joining for mes-

sagem; and messagen, converge to 1.

In the next example we modify only the reward obtained by tigt@mers taR = 10. As described in
Section 3.2, when the parameters for the customer and firracurals, i.e.p = R andh = ¢, the solution
(¢*,q) lies in region | or Il. In this specific setting, the soluticall§ in region Il, so there is no equilibrium

with influential cheap talk. We again plot the the probapitif joining for the signalsn,; andm, in each
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periodl, ..., 8. We observe that the firm cannot create any credibility wetpard to the signals and, even-
tually customers simply join the system regardless of thesage used by the firm. As demonstrated in

Proposition 3.5, the only non-informative pure strategigsilibrium is one in which all customers join the

system.
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Figure EC.4

Tatonnement scheme for Region lllb, the case of no equilibriThe probability of joining for both message
and message» oscillates.

In the last example we again modify the gain obtained by tfstotners takR = 0.9. The solutions to the
full control and full state information problenig*, ¢) lie in Region IlIb. As shown in Propositions 3.4 and
3.5, there is neither a pure strategies equilibrium withuiritial cheap talk nor a babbling equilibrium. As
one can observe, the iterative process does not convergigs lcase the firm does not establish credibility
with respect to either signals. We observe that wheneveathtgability of joining becomes high the firm, in
an attempt to maximize profit myopically, uses a threshaddelog. Given that the system lies in Region
Illb, however, the expected utility of the customer is negaand the customers do not want to join the

system. However, if very few customers join the system, thercongestion is very low. So everyone wants

to join to increase their utilities. This leads to the ostdky behavior in figure EC.4.
EC.3.2. Optimal Capacity Selection

In this section, we conduct a numerical study and extend adeito include the problem of service-rate

selection for the firm. Thus, the firm problem now has two ssag®ee firm first selects a service rate; and
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second, it decides what and how real-time information ividexd to its customers. Note that in the latter
decision he also accounts for the fact that the customesrategic. Thus, by choosing the service rate, the
firm also chooses its ability to influence customer behavimancements. We assume that the capacity
costis linear in the service rate with paraméierThus the cost of selecting a service rats K .

For the study, we assume that the customers arrive accotdiagPoisson process with rate= 50
per min. The firm obtains a value= 100 for each customer it serves. The firm experiences a linedr cos
of holding with h(w) = w, i.e., the cost of holding a customer for one minlisThe cost of one unit of
capacity isK = 4. The customer obtains a valde= 60 from the service. To illustrate that the equilibria
characterized in Section 3 may arise in the continuationggave consider three settings which differ in the
cost of waiting for the customer.
Influential equilibrium with intentional vagueness. In the first study, we assume that the cost of waiting
for the customer is = 100. In this case, we computed the firm’s optimal capacity seladiy a line search
taking into account the resulting equilibrium for the conttion game. We obtain that the firm will choose
w* =175, and will be able to influence customer behavior. Howevey; as45 (for this service rate) whereas
the ¢ = 50, thus the firm must use intentional vagueness to sustaietugbrium.
Influential equilibrium with no vagueness (Perfect alignmaent). For the next example, we assume that the
cost of waiting for the customer is= 90. In this case, we computed the firm’s optimal capacity s&lact
by a line search taking into account the resulting equiliforifor the continuation game. We obtain that
the firm will chooseu* = 75, and will be able to influence customer behavior. However;*as 50 (for
this service rate) whereas thie= 50, thus the firm may sustain this equilibrium even without résg to
intentional vagueness.
Non-influential equilibrium. For the last example, we assume that the cost of waiting foctistomer is
¢ =20. In this case, we computed the firm’s optimal capacity s&ladiy a line search taking into account
the resulting equilibrium for the continuation game. Fdstbase, we find that for all service rates, the
emerging equilibrium language of the continuation gameis-mfluential. Further, we obtain that the firm
will choosep* = 54, and will not able to influence customer behavior. Specificédr the optimaly* we

have thay* = 162 whereag] = 16.
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EC.4. Abandonment-Proofness

In many service settings, customers can make a decisionntyptregarding joining vs. balking, but also

about leaving the system after joining but before receidpegvice. So far, we focused on the first two
decisions, while disallowing customer abandonment. Is #@ction we show that if the customers are
allowed to update their belief about the system and reneggubue, the equilibria characterization remains
unchanged. Mandelbaum and Shimkin (2000) and Haviv and/R2@01) shows that if the customers have
no information about the system (and the cost of waitingriedr and the system is Markovian) then it
is in the best interest of the customers that they do not abafrdm the system once they join. Thus,

our babbling equilibrium (mixed or pure) are abandonmentf) i.e., even when the customers have an
option to abandon the system after joining they will not eis& this option. The next result shows that the

equilibria identified in Sections 3 and EC.6 are also abanaont-proof.

Proposition EC.4.1 In the equilibria identified in Propositions 3.4 and EC.6a3ational customer will
not abandon even if allowed to and the firm will not deviaterfribs signaling rule. In this sense, these

equilibria are abandonment-proof.

The above result states that a rational customer who uptedselief on the state of the systeafter
joining the system, would not abandon. We show that evensfaruers solve an optimal stopping time
problem, since the hazard rate of the waiting time distidvuts increasing, customers will not abandon
once they join the system. While the customer might realmefact that he was lured to join in a state
he otherwise would not join, he is in a better position coradao the one in which he decided to join.
Since it is optimal for him to “let bygones, be bygones,” aadard the time elapsed as sunk cost, it will
be better for him to stay in the system. Moreover, when théoooisrs can leave the system after joining,
before the commencement of their service, the full contohlton outlined in Section 3 will not change.
That is, the firm would not be interested in allowing a custotogoin and then leave the system before
he gets served. Thus, it will not provide signals that wilbai for such a behavior. In Crawford and Sobel
(1982), the receiver of the information cannot verify thetestof the world until the game is completed and

payoffs are received. However, in many service systemsub®omer may be able to update his beliefs on
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the information by joining the system. Our result above shtvat even when the customer has a recourse
action (to abandon the system) after updating his belieésstructure of the equilibria is based on the first
time instance of the interaction.

Hence, in this setting rational abandonments will not agisgogenously. It is important to note that this
result hinges on the linearity of the cost of waiting by thetomer. Other more complex settings, such as
the one in which the valuation varies over time or the waitiogt is not linear (see Haviv and Ritov (2001))
or one in which the customers feel that they have been lefobtite system without being informed (see
Mandelbaum and Shimkin (2000)), can lead to rational abamémts. In our setting these complex systems
would entail that the MDP in the definition of MPBNE suffererin the curse of dimensionality. Thus, when

embedded in a game, it will be hard to compute the arisingliegai

EC.5. Allowing the firm to randomize

In this section, we explore how randomization by the firm aber signals it provides to the customers
impacts the possibility of influential cheap talk. To thisdemve need to enrich the definition of mixed
strategy MPBNE. Ley(gq, m) be the probability that the firm signals to an arriving customer when there
areq customers in the system. Condition 2 in the definition of mis&rategies (Definition EC.6.1) is thus

changed as follows: Witlfi(j) =v—E[h(W (j+1))], wherelV (j + 1) is the time spent by a customer who

joins the system witly customers, there exists constai§s./;, ..., and~y that solve the following set of
equations:
0)y(m) —
Jo = max {w +Jo(1 —y(m)) + le(m)}
= M + Jo(1—y(m')) + Jyy(m'), forall m’ with g(0,m") >0
faym)—y  n A
= mag { LTy g (00 = () + ()
(Qy(m)—~y p A : :
= g+ —(J,(1— EC.8
(LT g ) ) ) (ECH)

for all m’ with g(¢g,m’) > 0. The above condition states that the firm would signal anysagswith positive
probability if and only if signaling that message resultsaifpining probability which solves the above

MDP.



e-companion toAllon, Bassamboo and Gurvich:Managing Customer Expectations with Vague Promises an@Chalk ecl5

We will next show that even if equipped with the option of randzing, the equilibrium language will

remain a two-signal one (subject to DOE).

Proposition EC.5.1 Given any MPBNEy, ¢) in which the firm randomizes, there exists a DOE MPBNE
such that the firm uses only two signals. Further, this DOE MERan be constructed such that the firm

randomizes on at most one state.

The above proposition shows that when allowing the firm tadeanize, the resulting equilibrium is
equivalent to one in which the firm provides only two-signdikis stems from the fact that there is at
most one state of the system in which the firm might be indifieamong various actions taken by the
customers. However, on this state the firm will not randonoizer messages that result in more than two
actions, i.e., the resulting actions will have positivelability overmax,,,c o y(m) andmin,, e o y(m). If
the firm signals any other message with positive probabiiithis state, the customers would learn the state

(as there is no vagueness left in the signal about the stée afystem).
EC.6. Accounting for mixed strategies on the customer’s end

In this section we relax the assumption that the customegngan announcement, either joins with proba-
bility 1 or balks with probabilityl. We next allow the customers to randomize.

Towards the definition of MPBNE with this relaxation, as brefave usegy(q) € M to denote the signal
that the firm uses when the queue length,i$or ¢ € Z, . The firm’s policy is then given by the function
g(+). The customers’ possible randomization is modeled by atlgw(m) for m € M to take any value in
[0,1]. A value that is strictly in(0, 1) implies that the customer randomizes. Thayisn) = p implies that
the customers will join with probability whenever given the announcememt and will balk otherwise.
Thus, the action space of the customers is now continuousrecalintable.

Given strategieg andy for the firm and customers respectively, we fetg,y) be the steady-state
probability of the number of customers in the system beingaétpg, in a queuing system with service rate
w and state-dependent arrival§;) = A\y(g(q)) in stateq. The notion of Mixed-Strategies MPBNE is then

defined as follows:
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Definition EC.6.1 (Mixed-Strategies Markov Perfect Bayesian Nash Equilibriun) We say that the
signaling ruleg(-) and the action rule(-) constitute a Mixed-Strategies MPBNEgif-) andy(-) satisfy

Condition 2 in Definition 3.1 in addition to

forall m e M.

+1
y(m) = arg max Xtgato=my B~ <47 1Pa(y,9)
n€lo,1] Z{q:g(q):m} pq(y> g)

In contrast to condition 1 in Definition 3.1, here we allow tustomers to randomize if they are indifferent
between joining and balking the system. The next resultattarizes signaling strategies that can form a

Mixed strategies MPBNE.

Proposition EC.6.1 Let(y, g) be a Mixed-Strategies MPBNE. Then, for any two states ¢, if g(¢1) =

9(q2), then we have(q) =g(q,) forall g € [¢1,¢2] -

Proposition EC.6.1 implies that it is never optimal for thenfto use the same signal for two states but use
some other signal for a state in between. The importanceofalult is in showing that a firm will never

provide the same signal on two disjoint intervals, and ptewa different signal in between.

EC.6.1. Babbling equilibrium

We have shown in Section 3.3 that babbling equilibria nedderist in pure-strategies. When customers
are allowed to randomize, however, such equilibria alwaysteMoreover, ifR > ¢/(u — A), the resulting
equilibrium is identical to the one characterized in Sett®3. In the complementary case, whBn«
¢/(nw— A), there is no pure strategy MPBNE. In contrast, when custsroan randomize among joining
and balking, they can always form a mixed strategy MPBNE B®/fs: they choose a probability of joining

6 that satisfied = ¢/(u—0X). As R < ¢/(n— A), 0 is guaranteed to lie in the intervéd, 1). Under this
equilibrium, the arrival process is thinned by the custoraadomization such that an arriving customer is
indifferent between joining and balking. In particularetbustomers do not have any profitable deviation.
Due to the monotonicity of the functiary (R — 6X) in 6, there is no other randomization strategy that can

form a babbling equilibrium in this setting. This is sumnzad in the following result.
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Proposition EC.6.2

1. If R>c¢/(u— A), the unique mixed strategies babbling equilibrium is onelirich all customers join
the system.

2. If R<c¢/(n— M), the unique mixed strategies babbling equilibrium is onw/irich an arriving cus-
tomer joins the system with probability= % and balks otherwise. The customer’s expected utility under

this equilibrium is zero.

Thus, the randomization by customers alleviates the umngiedddlity of the customer behavior. This sug-
gests in particular, that in absence of any meaningful laggiwetween the customer and the firm, the latter
can always resort to silence. The customers, however, aeyslweakly better off in any other equilibria.

Influential cheap talk can be viewed as a mechanism to coatelthe incentives of the service provider
and the customers when transmitting information which cate verified. If only babbling equilibrium
exists, it might suggest that the non-credibility is hanmpgrany possibility of coordination whatsoever
between the players. This is exactly the issue we explotegeiméxt section in which we examine whether

there is a possibility of improvement in the coordinatiotvieen the service provider and its customers.

EC.6.2. Mixed strategy informative equilibrium

In this section we show that in addition to the babbling eqtid, there may exist molieformativeMPBNE

in mixed strategies. We start by showing that it suffices toster equilibria with certain characteristics.
Specifically, in the following proposition we show that, #stomers randomize, they will do so only within
an interval. Furthermore, we show that balking with probighl in some states and joining with probabil-
ity 1 in other states cannot co-exist. We discuss this siratbbservation following the statement of the

proposition.

Proposition EC.6.3
Consider a mixed strategy MPBNE, ¢) and suppose that there is a signa) such thaty(m;) € (0,1) and
m,; IS transmitted with positive probability in equilibriumei,Z{q:g(q):mi}pq(y,g) > 0. Then, there exist

g, andg, such that
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1 q < CI1>
y(9(q)) = § y(mi) q € a1, ], (EC.9)
0 otherwise

Furthermoreg; andg, are such that* € [¢, ¢»] and eitherg; = 0 or ¢, = co or both'®.

Proposition EC.6.3 implies that if the customers randonmzguilibrium, then there cannot exist signals
m; andm,, such thaty(m;) = 0 andy(m,) = 1 where both of them are used with strictly positive probabil-
ity. Thus, there are only two possible types of two-signatedistrategy MPBNE in which randomization
is used. The two types can be described as follows: The firwamges “High” and “Low” based on the
thresholdg,.;.., the customers then react as follows: (a) in the first type BBME which we shall refer
to asJoin or Randomizequilibria, the customers who receive “Low” join the systand the customers
who receive “High” join the system with probability< (0,1); (b) in the second type of MPBNE which
we shall refer to aRandomize or Balkquilibria, the customers who receive “Low” join the systetith
probability 8, and the customers who receive “High” balk. Both of theseldxjia are completely defined
by two parameters: the threshajg,;, used by the firm for signaling and the randomization parantete
We provide a characterization of the pé&if,.;.., ) which induces the mixed strategy MPBNE in the next
subsection (Appendix EC.6.3.)

In Proposition 3.4, we identified two cases, nhamely Casedl@ase IlI(b) where a pure strategy equi-
librium with influential cheap talk does not exist. Using tttearacterization in Appendix EC.6.3, one can
verify that for the parameters in case ll(b), there alwaysts aRandomize or Balknixed strategy MPBNE
(up to integrality issues). For case I, however, eitheetgp mixed strategy MPBNE may exist. It is also
possible that neither exist but a mixed strategy babblinglibgum does exist. Note that the firm already
achieves its first-best profits in Cases | and lll(a), thudfitine prefers the pure strategy MPBNE over any
other possible mixed strategy MPBNE.

So far, we characterized and proved the existence (or nisteexe) of two-signal communication
between the firm and its customers that form a MPBNE. We nexttuthe question regarding the existence

of additional equilibria.

101 both ¢; = 0 andgz = oo then this MPBNE is a babbling equilibrium.
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EC.6.3. Characterization of mixed strategy MPBNE.

In Proposition EC.6.3 we established that there are twoilplesypes of mixed strategies MPBNE that we
namedJoin or Randomizand Randomize or Balkin this section we explicitly characterize this possible
equilibria as a function of the system parameters. For e&tireawo possible equilibria, we identify the
equations that are satisfied by the threshglg, and the randomization probability We start with the
Randomize or Balkquilibrium.

Randomize or Balk

Let (¢niz, 0) induce a mixed strategy MPBNE Blandomize or Ballype, i.e., the firm announces “Low”
if the queue length is less tham,;, and “High” otherwise. Given a “Low” signal, the customerrjsithe
system with probability and balks otherwise. The customer always balks if he reséheesignal “High.”
Let pz’k be the steady-state probability that the queue length squial an M /M /1/k queuing system
with arrival rated A and service rat@. For this equilibrium to be immune to any profitable deviathy a

customer{q,,.., #) must satisfy the following condition:

Amiz —

1
|
R-c Y pqum% _0. (EC.10)
q=0

This condition is a consequence of the observation that \ateerstomer randomizes, he must be indiffer-
ent between joining and balking. Hence, his expectedytiter the randomization interval must be zero.
Otherwise, there would be a profitable deviation by balkiritp wrobability one or joining with probability

one. Hence, we must have that= ¢cE[IW] which leads to (EC.10) through

Imix —

1
q+1
E[W] — Z pZan'ch .
q=0 K

Note that for any € (0, 1), the solutiong,,;, of the above condition is greater or equalto Hence, if
the customer receives the signal “High”, he would obtairriatt negative expected utility by joining.

We now consider the firm’s decision. Towards this end, wélfét) be the analogue di(k) (as defined
in Proposition 3.3) but with arrival rag\ rather than\. It is clear that for thdRandomize or Balkquilib-

rium to be immune to any profitable deviation by the firm we niaste thatq,,...., #) satisfies

Gmiz € argmax I1%(q). (EC.11)
q>0
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Equation (EC.10) and (EC.11) together characterizeRnedomize or Balkquilibrium when it exists.
We end this subsection by stating tfiRandomize or Balkquilibria cannot co-exist with pure-strategy

babbling equilibria.

Proposition EC.6.4 For any system parameters, for which Randmize/Balk MPBN&Esexhere cannot

be a pure strategy babbling equilibrium.

We now turn toJoin or Randomizequilibria.

Join or Randomize

Let (¢,.iz,0) induce a mixed strategy MPBNE i.e, the firm announces “Lowthd queue length is less
thang,,;, and “High” otherwise. The customer joins with probabilityf he receives the signal “Low”. If,
on the other hand, he receives the signal “High”, then hesjwiith probabilityd and balks otherwise.

Towards the characterization of the equilibrium in thiseca®& note first that, given the signal “High”,

the average expected waiting time of a customer that detidem is given by

{ Il +u—9k]'

For the equilibrium to be immune to any profitable deviatigrtliee customers, then thé4,,.;.., #) must

satisfy the following condition:

— = EC.12
R—c { . + ,u—HA} 0, ( )

so that customers will be indifferent between joining antkipg. Indeed, condition (EC.12) ensures that
the customer’s expected utility by joining is zero, whiclthe same as his expected utility if he decides
to balk. Note that for any € (0, 1) the solutiong,,;, of the above condition is less than; thus, if the
customer receives the signal “High”, he would obtain a 8yrigositive expected utility by joining.

Finally, for this equilibrium to be immune to any profitablewtion by the firm, we must have that,
givend, q,.... is the optimal “switching-point” for the firm, where the suliing is between an arrival rate of

)\ to one off\. In other words,

(miz € argmax I (q), (EC.13)

q>0



e-companion toAllon, Bassamboo and Gurvich:Managing Customer Expectations with Vague Promises an@Chalk ec2l

where
1°(k) = > M@)p* [v— E[R(W (g +1))].

Here,p!* is the steady-state distribution of a state-depend&nt/ /1 queue with arrival rate\(¢) = X for

all ¢ < k and arrival rate\(¢) = 0\ for all ¢ > k.
EC.7. Proofs of Results in the Main Paper

Proof of Proposition 3.1For any pure strategy influential equilibria, there exigts states;; andg, such
thaty(g(q1)) =1 andy(g(g2)) = 0. Thus there exists a finitd” as defined in the proposition. The rest of
the proof is omitted as the more general result is provenap®sition EC.6.1. |
Proof of Proposition 3.2 Consider any MPBNEy, g). Define N = inf{q : y(g(q)) = 0} as well as
(y(+),g(+)) using (3) andj = N — 1. We next show that the paif/(-),g(-)) induces the same MPBNE as
(y(+),9(+)), in terms of the customers’ utility and the firm’s profit. Tastlend, assume there exists # m;

such thaty(ms) = y(ms) = 1. Then, by definition of MPBNE we have that

Z{q:g(q)zmg} [R - C%]pq (v,9)
Z{q:g(q):mQ}pq(yvg)
+1
2 (g g(@)=ms} (R - et 1P4(y,9)

>0, (EC.14)

> (EC.15)
z{q:g(q):ms}pq(y’g)
In particular, by the laws of conditional expectation, wedthat
_eatl _eat!
Z{q:g(q)e{mg,mg}} [R T ]pq(y,g) > min E{QIQ(Q):mi} [R “u ]pq(y,g) > 0. (EC.16)
z{q:g(q)E{mzvms}}pq(y’g) =23 Z{q:g(Q):mi}p‘J(y’g)

Consequently, the pai(-),y(-)) defined by setting/(¢) = ma4, Yq: g(q) € {m2,ms} andg(q) = g(q)
otherwise, and letting(m,) = 1 andy(m) = y(m) otherwise, is itself a MPBNE.

A similar reasoning applies if there exists, # ms such thaty(m,) = y(ms) = 0. By sequentially
applying this reasoning, and noting the fact thatbtains values in a countable set, we have that the pair
(9(+),y(-)) is a MPBNE. Finally, note thaj(g(¢q)) = y(g(q)) forall ¢ =10,1,.... Consequently, by (EC.8)
the firm’s profit and the queue dynamics (and steady-statebdison) remain unchanged which implies

also that the customer’s utility remains unchanged. Thispetes the proof. |
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Proof of Proposition 3.3: We may re-writelI(k) as follows:
k—1
(k) =AY oo —ERW G+, k=1,2,...,
7=0

wherep” is the steady-state distribution of havipngustomers in system at tié/M/1/k queueV (j+ 1)
is the sojourn time for a customer entering when therejarestomers in the system. Clearly;(j) is a
Gamma distributed random variable with paramegess1 and . We now define forj > 0, a; :== v —
E[R(W (j+1))] and write

k—1

(k) =AY pha;.

=1
Having written the profit functiodl(k) in this formj, we have positioned ourselves in the framewdrk o
Knudsen (1972); see equation 4.1 there. The factth# a decreasing sequence follows from Proposition
1in Knudsen (1972).

Finally, by Theorem 1 in Knudsen (1972), and using the faatdh is decreasing sequence, we have that
the functionIl(-) is unimodal. This completes the proof. [

Proof of Proposition 3.4:

I. Since the firm’s and the customer’s incentives are completiigned, it is easy to see that the pair
(9(+),y(+)), defined as in Proposition 3.2 with= ¢* forms a pure strategy MPBNE.

Il. If ¢ > g, we can observe that any strategy whose corresponding eddinceshold is not equal
to ¢ does not satisfy the second condition in the definition ofepstrategy MPBNE. This is due to the
unimodality of the profit functiodI(-). Further, the threshold levgl does not satisfy the first condition
in the Definition EC.2.1. To see this, assume that it doesdedupure strategy MPBNE. Then, in the
corresponding pure strategy MPBNE we have two signalsstanding for “Low” andm, standing for
“High” and in order to satisfy condition of the pure strategy MPBNE, we need to have that,) = 1

andy(my) = 0. But, asg < ¢*, we have that
E{q:g(q):mz} [R - C%}pg
z{q:g(q):m2}pg
where the first equality follows from the fact that if the tbhheldg induces a pure strategy MPBNE thah

qg+1

in Definition EC.2.1 is;. Consequently, we would have thgtn,) = 1 and the threshol@ can not induce

a pure strategy MPBNE.
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II. (@ If ¢* <qgandG(0,q) >0, thenF(q) <0, and thus the proposed pure strategy MPBNE
satisfies the first condition in the definition of pure strgtdtPBNE. Also, using the optimality af, we get
that it satisfies the second condition in the definition ofgmstrategy MPBNE.

(b) Suppose thay* < g andG(0,q) < 0. Let g := inf{q € Z, : G(0,q) < 0}. Now, any threshold
strategy with a threshold that is greater ttigaoannot satisfy the first condition in the definition of pure
strategy MPBNE (Definition EC.2.1). Note that for apy {0, ¢} the MDP in condition 2 of the definition
of MPBNE is identical to the MDP for the full control probleriurther, we have that the full control
problem is identical to maximizing the functidi(-). Thus, using the monotonicity d@i(-) on [0, g] (see
Proposition 3.3) implies that any strategy obtained frorhraghold that is strictly smaller thancannot
satisfy the second condition in the definition of pure sgatlPBNE. Lastly, we can see that the threshold
strategy with threshol@ does not satisfy the second condition in the definition oemitrategy MPBNE
conditions. This completes the proof.

|

Proof of Proposition 3.5: The first part of the result follows directly from the discisssabove. We
now turn to region Ill(b) and show that the babbling equilibn does not exist as a customer always has
a profitable deviation. Recall th&t(0, k) is the customer’s utility from joining &//M /1/k queue. Sim-
ilar to Proposition 4.2, it can be shown th@t0, k) is monotone decreasing in Hence, the customer’s
utility under the babbling equilibrium is equal ton,, .., G(0, k) and bounded above ly(0, ), which is
negative. This completes the proof. |

Proof of Proposition 3.6: We first focus on regions | and Illi(a). Recall that by the défimi of ¢ and
the unimodality of the firm’s profit functiol(-) (see Proposition 3.3), we have that the firm’s profit is
decreasing over the regidg, oo). Further, appealing to Proposition 3.4 for regions | anth)llwe have
that the threshold that induces the equilibrium is highentii Consequently, using the fact that’ =
lim,,_. . II(k), we have that the firm’s profit in any of these regions is gretiign or equal to the babbling
equilibrium. A similar argument is applied to the custormazkpected utility. Let the overall customers’

expected utility be maximized at a poipt®. Using Section 4 from Naor (1969), we have that the expected
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overall utility of the customers is unimodalinandq®© < ¢*. Also, we have that the threshold that induces

the equilibrium in Proposition 3.4 is higher thah This completes the proof for regions | and Il (a).H
Proof of Proposition 4.1:

I. Note that we cannot partition the sét further. The proof then follows directly as the gt induces

the pure strategy MPBNE described in Proposition 3.4 (1).

Il.(a-c) The proof follows from the definition of/® andq?? and noting that if the the identified set is

partitioned further, it will not a MPBNE using PropositioiCEs. 3.

lll.  a) Clearly, this set induces the pure strategy MPBNE desdriih Proposition 3.4 for case lli(a). It

suffices to show that we can not partition the $such that the resulting induces a mixed or pure strategy

MPBNE.

We focus first on pure strategies. To reach a contradictissiirae that there exists a 8O S that
induces a pure strategy MPBNE. Then, therg isith § < ¢’ < g, such that the customers receive a different
signal on[g, ¢') then on[¢’,q). But, by the definition off and condition 1 of the pure strategy MPBNE
(see Definition EC.2.1), the customers would not join giea signal on¢’, 7). Moreover, sincdl(-) is
strictly monotone increasing far < ¢ (see Proposition 3.3) and since there exists, by Proposié, a
pure strategy MPBNE induced by threshgldhe firm would be better off deviating.

Lastly, we shall focus on mixed strategies. To arrive at@mhction, assume that there exists aep S
that induces a mixed strategy MPBNE. Using proposition EX; #ere could only be two types of equilib-
ria. It is easy to note that this mixed strategy equilibriasirhe of type Randomize/Balk. Let the parameter
for this mixed strategy MPBNE bi,.;.., #) where0 < § < 1. Given thatS’ 2 S, it is easy to see that,;, <
q. Further, it must be the case tlfat= argmax {q : G(q,q) > 0} = 0. Defineg = argmax{q : G(0,q) > 0}.
Note thatg > g. From Appendix EC.6.3, we further know th&t— ¢ """~ ! plymis q“ = 0. Thus, we
have that,,.;. > ¢ > ¢ leading to a contradiction.

Thus, the sef0,1,2,...,¢,¢,g+1,...} induces the most informative pure strategy MPBNE.

b) The argument is very similar to part Il.
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EC.8. Proof of the results in the e-companion

Proof of Proposition EC.2.1 Consider any MPBNEy, ¢). Defineq, = inf{q: y(9(¢,w)) =0} as well as
(y(+),9(+)) using (EC.2). We next show that the paji({),g(-)) induces the same MPBNE &sg(-), g(-)),
in terms of the customers’ utility and the firm’s profit. Togkénd, assume there exists # ms such that
y(ms) =y(ms) = 1. Then, by the definition of MPBNE we have that
X tagtar=ms) [B= ¢ ]Paly:9)
> {ao(a)=ma} Pa(¥:9)

+1
> (aotay=ms) B~ ¢ pq(y.9)
> {ao(@)=ms} Pa(¥:9)

0, (EC.17)

> 0. (EC.18)

In particular, by the laws of conditional expectation, wedthat

1
Z{q:g(Q)E{m%ms}} [R — ch]pq(ya 9) min E{QIQ(Q):WZ'} [R — ch]p‘J(y’g)
2 {ara(@)e{mams )y Pal¥: 9) =23 2 tasgly=mi) Pa(¥:9)

>0. (EC.19)

Consequently, the paifg(-),y(-)) defined by settingj(¢q,w) = m4, Yq,w : g(q,w) € {m2,m3} and
9(q,w) = g(q,w) otherwise, and letting(m,) = 1 andy(m) = y(m) otherwise, is itself a MPBNE.

A similar reasoning applies if there exists, # ms such thaty(m,) = y(ms) = 0. By sequentially
applying this reasoning, and noting the fact thatbtains values in a countable set, we have that the pair
(g(-,-),y(+)) is a MPBNE. Finally, note thaj(g(q,w)) =y(g(q,w)) for all ¢ =0,1,.... Consequently, by
(EC.8) the firm’s profit and the queue dynamics (and steaakg-stistribution) remain unchanged which
implies also that the customer’s utility remains unchangéis completes the proof. |

Proof of Proposition EC.4.1.We need the following two lemmas:

Lemma EC.8.1 In an M/M/1/N system, the waiting time of the customer hasareasing hazard rate.

Lemma EC.8.2 Consider anM//M /1 system where the arrival rate isfor the stated, ..., gand ) for
statesg+ 1, ...., whered < X' < A\. We have
1. The random variabl&/ (@) conditioned on the eveqt) < g} has increasing hazard rate.

2. The random variabl&/ (@) conditioned on the eveqt) > g} has increasing hazard rate.
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The proof of the above results are relegated to Appendix HB& system described in Lemma EC.8.1
and EC.8.2 corresponds to the equilibirum described in ¢&itipns 3.4 and EC.6.3. The lemmas imply
that conditioned on joining and the information receivedthy customer, the waiting time in the queue
has an increasing hazard rate. Using the arguments simitaetproof of Proposition 2(i) in Mandelbaum
and Shimkin (2000), we obtain that the customers will nebamalon the system if they join the system.
This shows that the equilibria described earlier are abamgémt-proof from the customer’s perspective.
Given that the customers do not abandon and the firm had nagirefdeviation from its signaling rule, it
follows that the firm will not have any profitable deviation @hthe customers are allowed to deviate. This
completes the proof. |
Proof of Proposition EC.5.1Fix a MPBNE (y, g). Note thatJ, is not impacted by the fact that the
firm is allowed to randomize. Ley¥ = inf{q : J,.1 — J, + f(q) < 0}. Using the arguments in proof of
Proposition EC.6.1, we obtain the following: the $et J,., — J, + f(q) =0} is either empty or equals
{¢*¥}. We shall consider two scenarios: Case I: The{get J, ., — J, + f(¢) =0} is empty. Then using
the new condition from MDP, it must be the case that whenegugrm) > 0 for someq € {0,1,...} and

m e M then

_ i 59,9 = mi if ¢>qg9v.
y(m) = max y(m) if g <¢**, y(m)= min y(m) if =g

Letm’ be a signal such thg{m’) = max,,c A y(m) andm” be a signal such thgi{m’) = max,,cr y(m).
Consider the following signaling rulg(q, m) = 1, if eitherq < ¢9¥ andm = m/, orif ¢ > ¢9¥ andm = m".
It is easy to see thdy,y) forms a MPBNE where the firm only uses two signals on the dgyuilin path.
Further, this MPBNE is DOE with respect to the origiial g) MPBNE. This completes the proof. Case
II: The set{q: J,+1 — J,+ f(¢) =0} is a{¢??}. Then using the new condition from MDP, it must be the

case that whenevelq, m) > 0 for someg € {0, 1, ...} andm € M then
= i 799 — mi i 59y
y(m) = maxy(m) if ¢<g7*, y(m)= min y(m) if ¢>q7".

Letm’ be a signal such thg{m’) = max,,c A y(m) andm” be a signal such thgi{m’) = max,,cr y(m).
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Consider the following signaling rulg(q,m) = 1, if eitherq < ¢9¥ andm =m’, or if ¢ > ¢9¥ andm = m".
Forq = ¢%¥, we choosg(q, m') that solves

glgm")y(m')+ (1= g(g,m))y(m") =Y y(m)g(g,m),

andg(q,m”) =1— g(q,m’). One can show thdl, g) is a MPBNE. It is easy to see that it is in fact DOE
with respect tdy, g) and uses only two signats’ andm” in equilibrium. This completes the proof. B
Proof of Proposition EC.6.1:Focusing on the MDP (condition 2) in Definition EC.6.1 of Mik&trategies
MPBNE, and using the arguments similar to those used in @e2tof Stidham and Weber (1989) we have
that the functionJ, is strictly convex. Leg¥ = inf{q: J,.1 — J, + f(q) < 0}. Note that due to the strict
convexity of J, and monotonicity off, the set{q: J,;1 — J, + f(q) = 0} is either empty or equalgj?¥}.
Note that the condition 2, requires thal) € argmax,,,c pm y(m)(Jy+1 — J, + f(q)). Thus, for(y, g) to be

equilibrium, it must be the case that:

y(g9(q)) = sup y(m) forallg<¢”¥, y(g(q))= inf y(m) forallg> ¢ov.
meM meM

This completes the proof. |
Proof of Proposition EC.6.2
1. It is easy to see that if everyone joins then every custabgins a strictly positive utility. Thus,
this is indeed an equilibrium. Further, towards contradicassume that there existia< 1 such that if all
customers randomize and join with probabilétythen it forms an equilibrium. However, given that with
arrival rate) all customers have strictly positive utility thus with &ai rated A the customers who will join
the system will have strictly positive utility as well. Thu arriving customer do not have any incentive of

balking or randomizing. Hence we cannot sustain @ryl to form an equilibrium.

2. If every customer joins with probability = R“;C and balks otherwise, then the waiting time in the

R
system is such that an arriving customer who decides to j@nsystem will obtain zero utility. (This is
based on the fact that the steady state waiting time in sughtars isk/c.) Further, the balking customers

also obtain zero utility. Hence, the proposed strategy doeblave any profitable deviation and thus forms

an equilibrium. To observe that this equilibrium is uniqueenthat if the joining probability is greater than
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(less than) the proposeéthen every customer who joins obtains strictly negativesifine) utility. Hence,
an equilibrium cannot be sustained with any other randatioizéor the customer. This completes the proof.
|

Proof of Proposition EC.6.3:

1. Fix a mixed strategy MPBNE witly(m;) € (0,1). Further, without loss of generality we assume
y(m2) € (0,1). Letp,(y, g) be the induced steady state of the probability that there atestomers in the
system under the mixed strategy MPBNE ¢). Using the definition of the mixed strategy MPBNE. There
existsq; andg, such that the firm’s signals., if the queue length is between andg,. Further, since the
customers are randomizing it must be the case that the castare indifferent between joining and not

joining. Thus, we have that

q9=q1 10

q2 [R—cqﬂ} Dy

=0,

q2
q=q1 DPq

which implies thaty* € [q1, ¢2]. Further, the firm signals:; wherei # 2, for some intervalq,, ¢], using
the definition of mixed MPBNE it must be the case that> ¢* or ¢, < ¢*. Thus, for any signain;, the
expected utility of the customers would be either stricthgitive or strictly negative depending on whether
q» < ¢* or q, > q*, respectively. Thus, for all other signals the custometkj@in with probability one or
balk with probability one. This completes the proof.

2. By Proposition EC.6.1 it suffices to consider signals #natannounced on intervals. That immediately
implies that any equilibrium can be reduced to an equilioriwith three signals. Further, two of these
signals must correspond to pure Join and pure Balk. UsingMbE approach, we know that for a given
customer strategy there exists a solution which is threktyple. There are two cases to be considered here:

a) There is no state on which the firm is indifferent: In thisethe firm would try to obtain its first-best
and use only two signals due to a bang-bang solution for th€MD

b) If the firm is indifferent in action on one or more state: tdgithe arguments in Proof of Proposi-
tion EC.6.1 it must be the case that the firm is indifferentxaicdly one state. Lef denote this state. Thus,
the only equilibrium with three signal language possiblehis case is if the firm signals Join on lower

states (strictly less thaj) and Balk on higher states (strictly greater tlganand randomize of. Note that
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the customer would then randomize when they receive thabkigndomize only ifR — ¢(G+1)/u = 0.
For this to be an equilibrium, it must be the case that therpatars of the region lie in Region I. Thus,
there cannot be a three signal equilibrium.
|

Proof of Proposition EC.6.4.In Proposition 3.5 we proved that a pure-strategy babblogli®&rium
exists if and only ifR > ¢/(n — \). We recall, however, that in thRandomize or Ballequilibrium with
threshold and randomization constéaqt,;.., 0), the customers are indifferent between joining and balking
and, in particular, the paifg,...,¢) satisfies (EC.10). Consequently, if the buffer size inaeds infinity
while keeping the arrival rat@\ the utility will become negative and the customers will raihjthe system.

In turn, we must have that

c

c
R _°
<u—0)\<,u—)\’

which contradicts the condition for pure-strategy bakdptaquilibrium. |

EC.9. Proof of Auxiliary Results

Proof of Lemma EC.8.1:In an M/M/1/N system using the steady state analysis andAISTR property,
the number of customers in the system when a customer a@ivégoins the system has a geometric
distribution conditioned on it being less than. Thus, we have that the waiting time in the system for
a customer has the same distributionggjl1 X, whereX; are exponential with meah/; and@ has
the same distribution as the number in systemd©f\//1/N conditioned on the event that the number of
customers is less thaN. We also know that th€) + 1 has an increasing hazard rate. Using Theorem 7.1
in Ross et al. (2005), we have that the waiting time will alagéhan increasing hazard rate. This completes
the proof. |

Proof of Lemma EC.8.2:

1. The proof follows exactly as in Lemma EC.8.1.

2. The proof follows by noting that the number of customershi@ system is; + @, where(Q is a
geometric random variable. Using Theorem 7.1 of Ross ef280%), we obtain the result in a similar

manner to Lemma EC.8.1. This completes the proof.



